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PREFACE 

It has become increasingly apparent that elementary notes on Vector 
Geometry which utilize vector methods for solutions of problems in Plane, 
Solid and Analytic geometry whilst at the same time introducing some of the 
concepts of Wetpices and Linear algebra gently to the tyro seem to be sad- 
ly lacking. 

One usually finds that the modern textbooks immediately start with 
the definition of a linear vector space, linear dependence, independence 
and the like and generalize these concepts almost immediately. Actually, 
the student usually hasn't the vaguest idea whatever as to why he or she 
are proving these theorems except forpurposes of passing an examination 
or obtaining another credit. 

Fooks are available on Matrices and Determinants, on Analytic Geom- 
etry, on Calculus with vectors, on vector geometry, etc., but they all seem 
to have something missing. Itt is the author's purposeto combine these eonesnes 
with the concept of a vector and to use vector methods to solve many var- 
jeties of problems taken mostly from geometry. Many examples are given at 
the end of each section, but once the students familiarize themselves with 
a few vector basics they will find that a little ingenuity will solve other- 
wise extremely difficult problems in geometry. 

The author does not dwell on proofs of well-known theorems. Indeed, 
there are a plethora of texts where the proofs of these theorems may be 
found. Instead, the important theorems will be stressed and the accent on 
the use of these theorems will be emphasized. 

Also it must be accentuated that this text panders to the intuitive 
approach and those that are seeking or striving for a rigorous approach 
had better eke out another text. On the other hand, the author does not 
wish to be accused of being slipshod but wishes to propose that a little 
intuition and a few well-chosen examples do far more for the beginner than 
a host of beautiful generalizations and techniagues which the beginner can 


neither appreciate because of lack of sophistication in the discipline nor 


a 


14 
apply to a particular example in a particular situation, which more often 
than not occurs in a job situation and believe me, | know from experience 
that the employer is not reimbursing the average employee to entertain him 
with elegant mathematical histrionics! 

Some of the more profound theorems are dealt with in a rather cursory 
and simple-minded fashion, the chief emphasis being on solving practical 
geometry problems. This was deliberate and the reasons are twofold: (1) 
this 1s an introductory course and is taken at the Junior College level 
(CEGEP in Quebec) and it is the author's intention that although some of 
these topics are dealt with in a cavalier manner that there should be enough 
curiousity aroused in the better student to pique his(or her) interest and 
to engender further mental activity in some other particular areas. (2) the 
reader might note some bias towards a geometrical approach ‘in general and 
the author must confess that this 1s also deliberate since he feels(and 
hopes) that ultimately physical descriptions will once again be most ade- 
quately described by geometry rather than by probability theory. 

In any case it 1s sincerely hoped that this effort will satisfy the 
need for an introductory course whilst at the same time provide the necess- 
ary foundation for subsequent excursions(if any) into Differential Geometry, 
Engineering Mathematics, Tensor Analysis or any other related topic. 

The usual procedure with an average class was to cover all of chapters 
1-12 inclusive and if the class showed minimum enthusiasm to forge ahead 
with chapters 13 and 14. A good basic calculus course should be prereocuisite 
but by suitable editing, the course might conceivably be given without this. 
Frankly, though, [| would not want to take an abridged version of the course 
if | were a student since it detracts from the concatenation of ideas 928 
herewith presented. |t was found that the order as given in these notes was 
the most expedient and is recommended as a procedure in giving the course 
over one semester although | feel sure that there will be some who read these 
lines that will wish to present the material differently to suit thei style 


of teaching. 
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My special thanks to Miss Susie Boyd whose invaluable assistance 
aided immeasurably in clarifying the concepts by means of the elegant 


{llustrations presented in these pages. 


K. White 


August 1'73 
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CHAPTER 1 
REVIEW OF PLANE ANALYTIC GEOMETRY 


1. THE GENERAL EQUATION OF THE SECOND DEGREE IN 2-SPACE(2 DIMENSIONS) 
The general equation of the second degree in 2 variables(for 2-space) is 


Ax” + 2Bxy + cy” + Dx + Ey + F = 0, This equation represents a conic section i.e, a 

straight line, circle, parabola, ellipse or hyperbola. First, let us recall the def~ 

inition of these curves: 

(1) Straight Line - A curve which represents the shortest distance between two points, 
in 2 dimensions or in the plane. Also, a curve whose slope is everywhere the sane, 


Its equation always has to be of the first degree. 


Example 1 x+y =4 
(0, 


(he 


FIGURE i 


To make the plotting easy, find the intercepts, i.e, let x and y be zero alter- 
nately and find out where they cross the x and y-axes respectively, For the above example 
when y = 0, x = 4 and when x = 0, y = 4. Since two points determine a straight line 
the curve is quickly drawn. 

(2) CIRCLE - A curve which is determined by a set of points always equidistant from sone 


fixed point called the center. The fixed distance is known as the radius and the 
curve is shown in Figure 2 below, 
(3) PARABOLA = A curve which denotes the set of points which are equidistant from a 
fixed point(called the focug) and a fixed line(called the directrix), This curve is 
illustrated in figure 3 below. 
(4) ELLIPSE - A curve which denotes a set of points where the sum of the distances 
from two fixed points(called focuses or foci ) is always equal to a constant value, 


This curve is illustrated in figure 4 below. 

(5) HYPERBOLA - A curve which denotes a set of points such that the difference of the 
distances from two fixed points(called the foci) is always the same. This curve is 
{llustrated in figure 5 below, 


Radius 


FIGURE 2 - CIRCLE 


Vo = VF, Psi s PF, PoYo = PoF, etc, 


C4P, + Peto = 2a etc, 


(length of major axis) 


FIGURE 4 - ELLIPSE 


a CyPy - Pico = 2a = ¢1Po = Poco * etc, . oe 


FLGQURE 5 - HYPERBOLA = 


2. IDENTIFICATION OF CONICS IN 2-SPACE 


There are two sets of rules for identification of conic sections. These rules 
only apply to equations of the second degree: First, if an equation of the second 
degree has an xy term, it must involve rotation. Conversely, if there is no xy tera 
present, there is no rotation, but there might be translation involved. Again, let us 
recall what we mean by translation and rotation of axes by means of some a aa 


illustrations, 
EXAMPLE 1: 
translation 
- x > 
to point (h,k) 
EXAMPLE 2 Q 
translation to 
point (h,k) 
See, 
HAAMELE 31 3 
: rotation through 


angle 60 


bg 


. translation 
ee 2 
to (h,k) 
EXAMPLE 5: : Y 
\ 
\ 
rotation translation 
> K 
through @ to (h,k) 


It 4@ seen that it makes no difference whether we translate and then rotate 
or rotate and then translate. The set of rules for use with equations involving 
rotation 1,e, equations containing an xy term in Ax” + 2Bxy + cy” +Dx + By +F=0 
are listed below, 


(1) tf B* 


- AC < 0, then the curve is an ellipse, 
(2) If Be - AC = 0, then the curve is a parabola, 
(3) If B” = AC > 0, then the curve is an Hyperbola, 
EXAMPLE 61 Identify the curve 2x” - y* - 3xy + 5x + 3y -2 = 0. 

Here, A @ 2, 2B = -3, C = -1, Accordingly, we have, 

Be Ac (5 = (2)(-1) = VY, +2 > 0, Therefore the curve is an hyperbola, 
EXAMPLE 7s Identify the curve x* - 2xy + y* ~ 3x + 2y - 5 = 0. 

Here A= 1, 2B = -2, C= 1. Accordingly, we have, 

Be. AC = (1)* - (1)(1) = 0. Therefore the curve is a parabola. 

Note that since these are general rules they do not obviate the possibility of 

the curve “degenerating” 1.¢. a curve breaking down into points or simpler curves. 


LE 81: Identify the curve x” - 3xy + 2y* = 0 


Here, A= 1, 2B =-3, C = 2 and Be - AC > 0 which indicates that the curve is an 
hyperbola but xo 3xy + ay" = 0 factors into (x - 2y)(x - y) = 0 and hence x = 2y 
or x # y and thus the curve represents two straight lines, 
EXAMPLE 9: Identify the curve x? ~ 2xy + y" - 2x + 2y -3 20. 
Here, A@ 1, B= -1, C = 1 and B- - AC = 0 which indicates that the curve would be a 
parabola but by rearranging terms we have, Gay = 2(xey) = 3 = (x-y-3)(x-y+1) = 0 
and this again represents two straight lines, 

Thus one must always be on the lookout for degenerate curves i.e. one must be able 
to determine whether f(x,y) 1s factorable or not and clearly, in the above cases a 
little elementary algebra can quickly determine this. 

Regarding the set of rules for use with equations containing no xy term i,e, where 
there is no rotation involved, we have the following: 
(1) Ja] and |B] = 0 indicates a straight line i.e, a linear equation, 
(2) [4-15 and A, B have same sign, then the curve is a circle, 
(3) \al#|aI and A, B have same sign, then the curve is an ellipse. 
(4) fal= 0 or [B]= o(but not both), then the curve is a parabola. 
(5) |4|=13} or A # B and A, B have different signs, then the curve is an hyperbola. 
BXAMPLE 101 Identify the curve x” + 3y” - 5x + by -2 = 0, 
Here [Al= 1, [Bl= 3 and A,B have the same sign, Hence the curve is an ellipse by (3) 


EXAMPLE 11: Identify the curve 3x° + 3y” - 5x + 6y - 2 = 0. 


Here |Al= 3, [3|= 3 and A,B have the same sign, hence the curve is a circle by (2). 
EXAMPLE 12: Identify the curve 3x" + 3y" ~ 5x + 6y -2= 0, 

Here [al= 3, lpl= 3 but A,B have different signs, hence the curve is an hyperbola by (5)6 
Example 13: Identify the curve x . 5x + 6y -2 = 0. 

Here |Al= 1, [Bl= 0 and thus the curve is a parabola by (+). 

EXERCISES (1) Identify the following conics: 


1. 2x, + By? = 33x + Sy -6 = 0, = Le x2 = by + by? wx + 2y - 12 = 0, 
2. 6 Jat Bi Bs 2, 2x - 7 - 22y" - Sx +35 y-3= 0. 
3. 49x2 + by” = 196, 13. 5x2 + 3y° = lox - Ly - 40 = 0, 

4, 1 ee ~ 19x + 5Y -3 = 0. we x tS = ol. 

ae ~ loxy + Oy - 2y +3x-11=0, 15, x% -y2 =-1, 

é. xy o 5 y2 + +5 0 ae ek ae 

72 1 y - 3x" -2 = 0. 17. x* - 170, 

. - = 0. 18, x) 7 Yt ao 

e + -22=0, 19, x% « it) 

9. 3 Sy +x 9 = Bay “"y? = ay + 2x = 0. 


10. 3y2 + Sy - 12 = 06 20. x 


3. FUNDAMENTAL FORMS OF CONICS IN 2-SPACE WITHOUT ROTATION OR TRANSLATION 
Essentially there are 4 fundamental forns(not including the straight line), 


The origin is, of course, considered to be in the most convenient location for ease 
in plotting, The forms are shown below and derivation of these forms can be obtained 
easily with or without vector methods but will be postponed until a later chapter 
where examples will be given utilizing vector methods. 

(1) THB CIRCLE: x* + y? = r2 8 


FIGURE 6 


BXAMPLE 2: x? + y? = Ib 4 


FIGURE 7(cese 1) 
In some texts the second case(figure 8) takes on the form x“/b? + y2/a2 = 1, 


This form is convenient for using formulas to find eccentricity, directrices and so 
forth, since the formulas will remain the same for both cases. However, for a quick 
plot, the above method is usually employed and 2a is always considered the length tf 


the:x. direction 2b the length 4 the y: ‘direction, 


EXAMPLE 21 x°/9 + y“/4 = 1 4 
z 
C2 4-425 x 
CiNF ZB o.00 Cov) aay, 3) 


EXAMPLE 31 x°/9 + y*/16 = 1 


c= 16-4 
Czi7= we 
(3) THE PARABOLA: ‘There are four cases for the parabola corresponding to whether it 


opens left, right, up or down. Each case is represented by a different equation, 


DiRecrkix 


FIGURE 9(case 1) FIGURE 10(case 2) 


EXAMPLE 5: 2x? = 5y 
Cr ey, 

pony 

t+ % 


Summarizing, we haves y = 5 4px (right +ve, left -ve) 
x2 = t Any (up tve, down -ve) 
(4) THE HYPERBOLAs 
Just as in the case of the general equation of the ellipse, the hyperbola has 
two fundamental forms, The first being the form where the hyperbola opens to the 
right and left and the second being where the hyperbola opens up and down, Both of 


these forms are shown in figures 13 and 14 below: 


FIGURE 13(case 1) FIGURE _14(case 
Recall that asymptotes are "tangents at infinity" to a curve i.e. a straight line 
that a curve continuously approaches but never touches, One again must be careful when 
applying formulas for eccentricity and the like since the roles of a and b have been 
reversed(as in the cases of the ellipse ). To find the equations of the asymptotes, 
simply let the right hand side be zero of the given equation, 


EXAMPLE 6: Plot the curve x“/4 - y2/9 =1 First, construct a 2 x 3 rectangle. 


Second, draw asymptotes(must intersect 
at origin). 


Third, draw curve opening to right 
and left or up and down according to 
whether the sign of 1 is +ve or -ve, 


Fourth, calculate distances of foci 
from origin(in this case c@ = 13). 


Fifth, find equations of asymptotes, 


al 
t2 


3.6 


ea: 290 7 seer ag ot G4 ™p TOTES, 
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4, DERIVATION OF EQUATIONS OF TRANSLATION IN 2-SPACE 


Suppose we wish to translate(or move) the origin to the point (h,k)so that a 
given point (x,y) with respeét to the original coordinate system becomes (x',y') in 
the new coordinate system, We ask the question, what is the relationship between (x,y) 


and (x',y')? The result should be clear from FIGURE 15. 


) \ 
4 3 P(x) oc P xy!) 
bat From the drawing it is apparent 
Cha) x’ that X' +h=x andy’ +key. 
Hence, we have, 
x' *xe-h x=x' th 
YS gosh yeyitk 
> 4 
FIGURE 15 


5. FUNDAMENTAL FORMS OF CONICS IN 2-SPACE WITH TRANSLATION 
(1) CIRCLE - Recall that x* + y* = r* represented a circle whose center was at the 


origin with radius r. Now suppose that we wished to have the center at some point 

(h,k) dee. we wish to “pretend” that the origin is at (h,k) instead of (0,0). This 
means that our final form would still be simple-in fact it would be x'2 + y'@ = yr 
which would greatly expedite plotting the curve, To obtain the equation in this form 
we merely have to use the equations of translation - namely, x' = x-h, y' sy - ke 
Hence the form of the circle now becomes (x-h)* + (y - k)* = x with reference to the 
old coordinate system. Similarly, it can readily be seen that the forms of the ellipse, 


parabola and hyperbola become: 


(2) BLLIPSE - (x = h)* , (5 Re os 


(3) PARABOLA - (y ~ k)? = tp(x—h)s (x -h)* = Sip(y - k) 
(right - left) (up - down 


4.) HYPERBOLA - (x = h)* ~ ke 
(4) HYPERBOLA ea - fy =k = tj] (+up & down; +right & left) 


11 


The only difficulty now is to be able to put the conic equations in the 
fundamental forms shown above so that plotting becomes elementary, This is done 
by “completing the square", 

BXAMPLE 1: Plot x2 + y* - 2x + 4y -4 = 0, 
We have x2 - 2x+t1lty% +4y +4 ah +1 +4 =9 Ave. 


(x - 1)? +(y + 2)* ™ SB we have a circle whose center is (1,-2) and radius = 3, 


EXAMPLE 21 Plot x* = by? = 2x + 8y - 7 = 0. 
We recognize this as an hyperbola and completing the square, we obtain, 
x2 = 2x+1-4y® -2y+1)*°7+1-4=4, this gives (x -1)% - Wy -1)% «4, 


Dividing by 4,, we obtain (x - 1)” . Y- 1)” =! Accordingly, we have the 
4 1 Z 


center at (1,1) and the rectangle equal to 2 by 1. 

oF ah +1 = 2.2K 
Equations of asymptotes are 
x1 ore red, Hence, 


x= 2y +1203; xt 2y -3 = 0, 
Note that c,b and a values have 
to be added to the coordinates 


of the new origin’ 


U1): , (1) 


aa hg =o 


EXAMPLE 3: Plot 2x* - 3y + 3x -5 = 0, 

This is a pardalg,of course, and we complete the square. We have, 

2(x* + 3/2x + 9/16) = 3y +5 + 9/8, This gives (x + 3/%)* = 3/2(y + 49/24). 

Thus the parabola opens up and the vertex is at (-3/4,-49/24), The latus rectum length 
is 3/2. Also, note that the y-intercept is at (0,-5/3) and the x-intercepts are at 
(-5/2,0), (1,0) which are obtained by solving the quadratic 2x* + 3x - 5 = 0. 


EXERCISES (2): Plot the following conics: 


1. x- + y* = 3 ll. x2 + by* + 2x - léy +13 = 0, 
2. x2 = hy, 12, y=sx% -2x+1, 

30 4x2 = Sy2 = 36, 13. 3y2 - 2y+1=0. 

i, 2x2 + 3y* = 8, 14, 9x2 - by2 - 18x + l6y - 7 = 0. 
Se 2y = x > 2x2 ~ 2° +3 = 0. 15. x@ + 3y* - 5x + by ~ 20= 0, 

6. xe+ y= 0, 16, x2. - 2x + 3y -5=0, 

7, x2-y2 = 0, 17. 3x° + Hy? ~12x + By +16 = 0. 
8, 9x% + by? = -36, 18, 16x2 + 3y* =~ 64x + by + 55 = 0, 
Qe 9x2 = hy? = 36x - 2hy - 36 = 0. 19. 3x< + 3y* = lox + by -6 = 0, 

10, y2-4x- by +4= 0. 20. 9x2 = hy? + 18x + l6y + 29 = 0. 


6. DERIVATION OF EQUATIONS OF ROTATION IN 2-SPACE 
Suppose we wish to move axes through an angle 9 in 2-space; what is the relation- 


ship between (x',y') and (x,y) where (x',y') is the point with reference to new axes 

and (x,y) is the point with respect to the original axés, To obtain this relationship 

we construct a drawing and with the use of some basic trigonometry, we can immediately 
derive the equations of rotation. This is illustrated in figure 15 below: 

OF = x = OF - FE = OF = GD 

but OE = ODcos® = x'cos@ 

GD = y’sin®,. Hence x = x'cos@ - y'sind 
CF = y = CG + GF = CG + DE 


but CG = y'cos®, DE = x'sind, 


x Hence, y = x'sin@ + y‘cos® 


7 METHOD OF DE NATION OF THE A? OF ROTATION SO_AS TO OBVIATE THE CROSS-PRODUCT TERM 


To determine the angle of rotation we merely substitute the equations of rotation 


into the general equation of the second degree and set the coefficient of the cross- 


product term xy = 0. Since only the second degree terms involve any cross-product terms, 
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we need not worry about the first degree terms, i.e. we will have, 
Ax? + 2Bxy + Cy? = A(x'cos@ - y'sino)* + 2B(x'cos@ - y'sin@)(x'sin@ + y'cos@) 
+ C(x'sin® + y'coso)* and omitting the terms containing x? 
and y* we have the xy coefficients as follows: 
(=2Acos@sin@)x'y’ + 2B(cos2@ - sin@@)x'y' + (2Csin@cos®)x'y' but since 
2sinOcos@ = sin2@ and cos2@ - sin®@ = cos2@ and setting the coefficient of the 
term containing x‘'y' = 0, we have, 


(C = A)sin2@ + 2Bcos20 = 0 whith gives/tan20 = 2B Naturally, we try to choose 
A-C 


@ in such a way as to make it an acute angle; 


8, REDUCTION OF CONICS WITH CROSS~PRODUCT TERM TO FUNDAMENTAL FORM 


To simplify an equation with a cross-product term(of the 2nd degree), we utilize 
the relationships established in 7. above. 
EXAMPLE 3 Simplify 5x2 + 8xy + 5y* - 9 = 0 by a suitable rotation, 
First, we determine that the curve is an ellipse since Be - AC < O. Next, we see that 
tan20 = 8/0 = 0 Hence, 20 = 90° and therefore 0 = 45° (taking the least acute angle), 
Accordingly, our equations of rotation are: 
x = x'cos@ = y'sind = x'/j2-y'//2; y = x'sind + y'cosd = x'//2 + y'//2. 
Substituting in the original equation above and dropping the primes for convenience, 


we have, 


2 2 
pt + Bx = yxy) + data) - 90, This gives 


5(x2 = axy + y2) + B(x2 = y2) + 5(x2 + 2xy + y2) - 18 = 0, which results in 
18x2 + 2y2 - 18 = 0 or 9x2 + y2 - 9 = 0. Replacing primes and putting the equation in 


the standard form, we obtain x" 2 4 y'? 
1 9 


‘t 


= 1. The graph is shown below: 
\ 


“‘ 
+ 
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EXAMPLE 2: Plot the curve 4x2 + 12xy - y* + 80 = 0. 
First, we determine that this equation represents an hyperbola since Be - AC is 
greater than zero, Next, we determine that tan20 = 12/5 and placing 29 in the lst 


quadrant to assure that ® will be an acute angle, we have, 


\3 = 
cos 20 = 5/13 
Ss 


To determine 0, we recall that cos® = JI + cos20//2 and sind = /I - 06826//2 
ae (no = | 1+ ys oe 3 , Snd = i— $3 - zu 
a cs ? a V3 


Accordingly, the equations of rotation are x = 3x’ _ 2y' Pe oe 2x' , 3yt 
13 vi ¥13° 


3 413 
Substi tufing these eq uations into the original equation and dropping primes for con- 


venience, we have, 


2 2 2 
“Ox = 2y)” 4 1x ule _ eee + 80 = 0. This gives, 


(9x7 -loxy + by2) + 12(6x2 + 5xy ~ by”) = (4x2 + loxy + 9y2) + 13°80 = 0, which gives, 
104x2 = 65y2 + 13680 = 0, which reduces to 8x* = 5y2 + 80 = 0, and we therefore have, 


2 12 
— - i = -1 (replacing primes and putting in standard form), The graph of this 
equation is shown below: 
\ 
% : 
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EXAMPLE 3: Simplify 25x2 - 30xy + 9y2 = 85, 
This curve is a parabola since B@ - AC = 0, 
Now tan20@ = ~15/8 and choosing 20 to be in the 2nd quadrant to assure that @ is an 


acute angle, we have, lad 
: aa ¥ 4 Sum 8 = 
2 
: 3 
rm z s 
TF Gy 
Hence, the equations of rotation are, x = 3x' - ‘5 y= x’ + a 
3 V3 


Sudstitiling into the original equation and dropping primes for convenience, we have: 
25(9x2 = 30xy + 25y2) - 30(15x2 - léxy - 15y2) + 9(25x* + 30xy + 9y2) = 85-34, 
Simplifying, we obtain a degenerate serabolay” = t5/2(two straight lines). 
EXERCISES(3): Reduce the following conics by means of a suitable rotation. 
1, 6x2 + 2hxy - y? - 30 = 0, 
2. 9x2 + 2hxy + l6y* - 25 = 0, 
3. 2x2 = 7xy + 2y2 + 33 = 0. 
4, 32x2 - 52 xy - 7y* + 180 = 0. 
5. 11x? + 6xy + 3y2 - 2020. 
9. REDUCTION OF CONICS WITH LINEAR TERMS TO FUNDAMENTAL FORM 

Sometimes we wish to translate as well:as rotate so as to reduce the equation of a 
conic to its simplest form. This is accomplished quite readily by using the equations 
of translation and then using the methods shown in 8, above, Later it will be seen that 
using vector and matrix methods will greatly simplify the reduction involving rotation 
in 2espace, Also, these concepts and methods will be extended to 3-space so as to get 
rid of cross product and linear terms to ease the identification and plotting of curves, 

Essentially there are two methods for translation, The first method involves 
partial differentiation and is probably the easier method, It is based on the geometrical 
properties of the partial derivative. Recall that the partial derivative with respect 
to x is obtained by treating’ y asia constant and differentiating the function f(x,y) 
with respect to x and the partial derivative with respect to y is obtained by treating 
x as a constant and differentiating with respect to y. Also recall that wed@rite a 
fOnction in two variables x, y as f(x,y) = 0. Thus if f(x,y) = x - axy -y~ t+x-yt 3, 


OX 


Now since the partials represent slopes of tangent lines to the given curve subject 


= TKS AY OD ~ ~~ 2y4 - | 


to the restrictions cited above, it is immediately seen that if we set the partials 
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OF . ar 
= =o 4 af . O, the slopes must be parallel to the respective axes when the func- 


aX Fe) 
tion is ae oe Hence all that has to be done is to solve the respective equations 
simultaneously and the point of translation(1.e. where the tangent lines meet) is 
immediately obtained, 
EXAMPLE 1: Determine the point of translation of the curve 9x + 16y2 = 108x + 128y + 256=0 
so as to obviate the x and y terms. 
Here, we let f(x,y) = 9x + l6y* = 108x + 128y + 256 = 0. 


QF 


Hence, -f = 18x - 108 5) = 32y + 128, 

; J 
Letting the partials oF = O= ae we obtain, 
errr er Thus, x = 6 and y = -4, 
Therefore the point of translation is (6,-4), To verify, we recall that the equations 
of translation are x ® x! + h, y = y'+ k. Substitiing 4{n the original expression, we 
have, 9(x' + 6)* + 16(y' - 4)2 — 108(x' + 6) + 128(y’ - 4) + 256 = 0. This reduces tos 


Qx'2 + l6y'2 = 324 or if we like we may immediately render it to the form which 


facilitates plotting - namely, (x-6)? 4, (y+4)* 1, 
3 sul ° 


EXAM 2: Simplify 3x* - 3xy + hy? + 6x = 3y - 36 = 0 by a suitable translation, 
Here, we have -gf- = 6x = 3y + 6; ae = -3x + 8y - 3. 
Setting the partials equal to zero and solving simultaneously, we have, 
6x - 3y +620 
~6x_+ l6y - 6 = 0 

y =0, x= -l, Substituting x = x' - 1 and y = y" - 0 in to the original 
equation, we obtain, 3(x' - 1)* - 3(x" = L)yt A(y')? + 6(x' - 1) = 3(y") = 36 = 0. 
This reduces to 3x'* - 3x"y' + 4y'? = 39. 

A second method utilizes the equations of translation and is slightly more tedious. 
Recalling that x = x' + h and y = y' + ky, we may substitute and let the x and y terms 
equal zero, solving for h and k. 

EXAMPLE 3: Do example 1 by the second method. 

Using the equation of example 1, above, we would have, 

g(x! + h)® + 16(y? + k)® = 108(x" +h) + 128(y’ + k) + 256 = 0, Rearranging terms, we get, 
gx'2 + 16y'2 * (18h-+ 108)x" + (32k + 128)y' + 9h? + 16k2 = 108h + 128k + 256 = 0, 
Letting 18h - 108 = 0 and 32k + 128 = 0, we obtain h = 6, k = —+ as before, 


er. 
In 3=space this method does not lend itself to easy calculation and we resort 
to partial differentiation as the preferred method. 
EXERCISES (4) Simplify the following by a suitable translation, 
1. ug? - y* + 2hx + By +162 0. 
2. xo - 14x - By - 7} = 0, 
3, x2 = 3xy + 16x = by + 31 = 0. 
h, Mx? = 3xy + y* = 25x + lay + 34 = 0. 
50 9xe = 2lxy + l6y* - 160x - 120y = 0, 
10. SIMPLIFICATION OF CONICS IN 2~SPACE WITH BOTH CROSS-PRODUCT & LINEAR TERMS 
To simplify conics by both rotation and translation we just combine the above 
methods. In the case of the parabola(with an xy term) we should rotate first since 
solving the linear equations by the method of partial differentiation will give us 
two equations in two unknowns which will be inconsistent, In the case of the other 
conics, translation first is preferred, then rotation, 
EXAMPLE ls Simplify 16x° - 2h4xy + 9y% + 85x + 30y +175 = 0. 


QF 
OX 


These equations are inconsistent and we must rotate first(this being a parabola since 


= 32x ~ 2hy + 85 = 0; =I « =24x + 18y + 30 = 0. 


Be - AC = 0), 
Now tan20 = -24/7 and we place 20 in the 2nd quadrant to assure an acute angle. 
on 28 ’ in 7 tie. 4 
we 2 ie Soe = = 2 uJ = i+ Y 2% 
Eye ry z= ence Gaé \ez 2 % ; Gon \ 25 An 
Hence, the equations of rotation are x = 3x’ = 4y'/5; y = 4x' + 3y'/5. Dropping 


primes for convenience and substituting, we have, 


16(3x = ty)? _ 24(3x = Hy) (4x + 3y) 4 Q(x + 3y)” 4 85(3x - Hy) 4 30(¥x + 3y) 4 a95 2 0, 
25 25 25 5 5 


Hence, 16(9x2 = 2ixy + 16y2) = 24(12x* = pxy - 12y”) + 9(16x2 + 2hxy + oy) 

+ 425(3x - 4y) + 150(4x + 3y) + 4375 = 0, This reduces to, 
625y" + 1875x - 1250y + 4375 = y'* + 3x' - 2y' + 7 = O(replacing primes & reducing), 
Now we apply partials to obtains a) 1 = 1lOy'= 10 = 0 which gives y’ = 1 and 
substituting into y'@ + 3x' = 2y' + 7 = 0, we obtain the value x' = -2, Substituting 
back into the primed equation(or we may complete the square obtaining the form, 
(y' - 1)* = -3(x' + 2)), we obtain the final form (y'')* + 3x"" = 0, The new origin 
is at (-2,1) with respect to the x',y’ axes and the angle of rotation is sin714/5 = 53° 
approximately, The curve is a parabola and a brief sketch looks like this: 


~‘ 
* 18 


x % tes 
> Since we rotated first, the 
. vertex (-2,1) is with respect to 
ea 4 S> 
the x',y' axes. If we wish to 


AS x 
NY 
find the coordinates with respect 


to the x,y axes, we use, 
x= 3x! = by'"/5 = 3(-2) - 4(1)/5=-2 
/ y = 4x't + 3y'/5 = 4(-2) + 3(1)/5e-1 


EXAMPLE 21 Simplify 5x° = 3xy + y* + 65x - 25y + 203 = 0 and sketch briefly. 
Since this represents an ellipse, we translate first. Therefore we have, 

a = 10x <3y + 65 = 03 ps = -3x + 2y - 25 = 0, 
Solving, we obtain, x = -5 and y = 5, Substituting x" = x - 5, y' = y + 5 and dropping 
primes, we have 5(x - 5)° - 3(x - 5)(y + 5) + (y + 5)? + 65(x - 5) - 25(y + 5) + 203 = 0. 
This reduces to 5x'* - ae + y'2 . 22 = 0, Next we find tan20 = -3/4 3 28 


= 1~ 4, 2 it t%, x es — 
bni 2 i 7a \ Sa = jibe - & 


Therefore ree equations of ies are x' = x"! = 3y'""//10; y® = 3x'' + y'"'"//10. 


Substituting and dropping all primes for convenience we have, 
5(x-3y)@/10 - 3(x-3y)(3xty)/10 + (3xty)*/10 - 22 = 5x + 55y2 = 220 = x? + liy* - 44 = 0, 


2 
The standard form replating, rinse would bes x"? Pe ahd = 1, Briefly sketching, we have, 


vy) Note that the ellipse'’s major 


and minor axes are /44 and 2 with 


respect to the x'',y’’ system and 


the center is at (-5,5) with res- 

pect to the x,y system(since trans- 

lation was done first). The coor- 

dinates with respect to the x',y’ 
Xx system may be found from the rela- 

tions x = x'cos® - y'sind® and 

y = x'sin9 + y'cos®, When x = -5 
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and y = 5, we may solve for x’ and y' to obtain x’ = 10, y’ = 2/10. This would be 


the answer we would have obtained had we rotated first and then translated i.e. the 


final diagram would have looked this way: Note the names of the axes; 


=D 


EXERCISES : Simplify the following equations to the standard form & sketch briefly. 


lx 4 6. 6x2 + 2hxy - y® = Hox + Shy - 99 = 0, 
2. 13x2 + 12xy - 3y* + 40x + 30y + 10 = 0. o. ox2 + 2lny + 16y2 - 68x + Yby + 120 = 0s 
3. 9x2 + Uxy + by? + 12x + 36y + 44 = 0, 8, -x% + dxy - y2 - Kjex + 2/2y - 11 = 0, 
ih, 62x2 + 168xy + 13y2 + 380x ~ 90y + 575 = Oe 9, 3x° + 2xy + By? = l6y + 23 = 0. 

Se x2 + 2xy + y@ + 12/2x - 6 = 0. 10. 3x2 = Bxy - 3y° +x + 17y -10= 0. 


CHAPTER 2 = REVIEW OF SOLID ANALYTIC GEOMETRY 


11. THE GENERAL BQUATION OF THE SECOND DEGREE IN 3-SPACE 
The general equation of the 2nd degree in 3 variables(in 3-space) is: 

Ax2 + By2 + Cx2 + 2Dxy + 2Exz + 2Fyz + Gx + Hy + Iz + K = 0. This equation represents 
solids khéw as conicoids which are anhalgous to the conic sections discussed in the 
chapter on plane analytic geometry. For example the ellipsoid(which is shaped somewhat 
like an egg) is analgous to the ellipse, the paraboloid will look somewhat like a 
parabola and so on. Again, the cross-product terms xy, yz, xz indicate that rotation 
4s involved but in the case of the conicoids, the identification and reduction of 
the various conicoids is not a simple process. Translation lends itself readily to 
the methods of the previous chapter and for the present we shall restrict ourselves 


to translation by means analgous to those in the previous chapter postponing methods* 
for getting rid of the cross-product terms to a later chapter when our knowledge of 
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vector and matrix methods will greatly simplify the usual tedious methods. Note that 
in the above equation that when z = 0, the equation reduces to the general equation 
of the second degree(i.e. a conic in 2=space) as expected. 

12. 8 FORMS OF THE EQUATION OF A QUADRIC OR CONICOID 

Since there are a number of possiblities for combinations of x,y and z in the 
general equation of the 2nd degree in 3-space, we must first investigate, catagorize 
and learn to recognize the basic conicoids in their standard form. Concomitantly, 
we shall also see how to sketch and recognize said forms by a simple process of 
allowing one variable to be zero(when we do this, we form what is called a trace 
of the curve) and then allowing that variable that we made zero to take on different 
constant values. 

It must also be agreed that we shall always deal with a right-handed system so 
that our axes will look like Figure 15 beiow. The arrows represent the positive sense 
and we understand that we will always proceed from x to y to z in a counter-clockwise 
senses all ordered triples of course, follow this convention so that the points shown 


in figure 16 should be self-explanatory. Of 
= 


FIGURE 2 FIGURE 16 
13. THE SPHERE X* + y2 + 22 = p2 
The simplest conicoid is the sphere and its equation is analgous to the 2-space 


equation of the circle in that the equation above represents a sphere whose center is 


at the origin and whose radius is R. The conicoid is shown with axes in figure 17. 


Letting x,y,z = 0 in turn, we see the 3 traces i.e. 3 circles, One will be in 
the yz plane when x = 0, one in the xz plane when y = 0 and one in the xy plane when 
z= 0. Also, if we allow, say, z to take on a constant value k, we see that as k 
approaches r, the radii of the circles are becoming smaller and smaller in each 
case. Hence» the curve above becomes elementary to plot by considering each trace. 


14, THE ELLIPSOID + + Zo 
a £ 2 on 
The ellipsoid is analgous to the ellipse in 2-space and the 3 traces are seen 


to be ellipses, Also allowing each variable to assume constant values quickly verifies 


the graph shown, 
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Note that the equation x " rad . z = .1, Tepresents the null set since there 
a c 


are no real values of x,y,z which satisfy the equation. 
2 
15. ZHEHYPERBOLOID OF 1 SHEET X* 4, YZ 


Here it is seen that we have two hyperbolas and 1 ellipse as traces, The two 
hyperbolas are in the xz and yz planes and the ellipse is in the xy plane. Of course, 
allowing the 3 varaibles to take on constant values will verify the curve shown in 
figure 19, Allowing the right hand side of the equation above to become negative in- 
stead of positive changes the conicoid into 16, 


™* 2 
= = | 
ee ws 
16. THE HYPERBOLOID OF 2 SHEETS x2 y* 22 
oe a a 

The diagram is again self-explanatory. Note the 3 traces, the imaginary ellipse 
for x = 0 and for values fe <1, when © = 1, then we have + os 0, dee. the 
point(4a,050) satisfying the equation and so on, Note that changing the positive 1 to 
negative 1 above will change the curve into the form given in 15. above, Note that 
two of the traces are hyperbolas and the third trace is an ellipse, Note also that 
the curve cannot possibly pass through the origin, All of these characteristics, of 


course, can be gleaned from figure 20. 


18, ELLIPTIC PARABOLOID K+ ve +s, 
a 


The figure is again self-explanatory and the negative signon x indicates that 
the conicoid would open downward; other variations as in the above-cases by permuting 
variables would only change the orientation of the figure but not alter the basic 
shape of the figure itself, 


Pg 


oe 


19. HYPERBOLIC PARABOLOID x2 
ae be 
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The eyuations above succinctly explain the traces but it might also be noted 
besides the pair of intersecting lines shown in the above drawing, a surprising 
property of this particular surface is that for each and every point on the surface, 


one can always find two distinct straight lines which lie entirely on the surface, 


20. THE ELLIPTIC CYLINDER xX? , Y2 
al 4 =1l. 


Perhaps the easiest conicoids to draw are the cylinders, It is quickly seen 
from the drawing and the equation that z can take on any values, Other permutations 
of x,y and z, of course, do not alter the essential shape of any cylinder or of any 


conicoid for that matter, 


* FIGURE 24 
21, THE HYPERBOLIC CYLINDER x 3 E i $% 
a 


As in 2=space, +1 indicates that the hyperbola opens up about the x-axis and 
-1 indicates that the hyperbola opens up about the y-axis. These two cases are 
illustrated by figures 25(a) and 25(b) below: 
22. THB PARABOLIC CYLINDER Y° = 4px or x* + aY + dZ = 0, 

The two types of parabolic cylinders are shown in figures 26(a) and 26(b) below. 
In the case of the cylinder shown in figure 26(b), it is seen that if z is held constant, 
the parabola x? = tay will "move" along the y-axis according to the value of bk, Sim- 
4larly, if y is held constant x* = = bg will “move” along the z-axis according to the 
value of ak, When x is constant, we obtain a straight line ay + bz + k* = 0 and the 
values of a,b,k will determine the slope and orientation of a system of lines as shown, 


GURE 26 


6(b 


EXAMPLE 1: Plot the graph ty x2 + We? = 0, 


EXAMPLE 21 Plot the graph of 2 4 eo x, 
4% 
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8 
EXAMPLE 4: Plot the graph of z +e <* 2 


EXAMPLE 51 Plot the graph of x? - y* + 4z* + 6x - 82 * 14 = 0, 
We immediately complete the square to obtain: (x + 3)* - y- + Kz - 1)* = -l, This yields: 
2 


-(x + ~Y- -1% 1, This is an hyperboloid of two sheets about the y-axis which 
I I eae. 


has to be translated to the new origin (-3,0,1). This is illustrated below: 


EXERCISES(6): Identify the following conicoids and sketch briefly. 


le x * Qy* = 06. 6, 4x2 + 9y2 - 22 = 0, 

2. 9x2 + 36y2+ tz? - 36 = 0, 7. 4x? + Oy? ~ 362% + 36 = 0, 
3. x° = 9y* # 92 = 0, 8, x2 = y2 = 0. 

4, x2 # by? - 16% = 0. 9. 4x2 + Qy2 = 36 


5. 16x2 = by? + 422 #16 = 0, 10. 6y* -4x +220 
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23. REDUCTION OF CONICOIDS WITH LINEAR TERMS TO FUNDAMENTAL FORM 

The equations of translation in 3-space are like those in 2-space and are 
easily derivable. They are: x=x' th; yuy' +k; 2=a' +e 

x' =x-h; y' sy ~ ky; 2’ 2-1, 

To simplify a quadric surface by translation, the same methods are emphkyed 
that were used in €hapter 1. We may complete the square, find partial derivatives 
or use the equations of translation to obtain values of (h,k,1) the center of the 
particular conicoid in question. Again, in certain cases like those of the paraboloids 
we will find that sometimes the equations are inconsistent and a unique result is 
not always determinable, This does not make that much of a difference in 3-space 
as will be verified later on when reductions of conicoids is accomplished by use 
of vector and matrix methods. 
EXAMPLE 1: Simplify the following conicoid by a suitable translation: 
x2 + y2 + 72 + 2x = by + 222 +115 = 0. 
Method 1: First, we see that this must represent a sphere. Second, we complete the square, 
x2 + 2x +1 ty? = by +9 + 22 + 222 + 121 = -115+1+9+ 121 = 16, 
Hence we have, (x + 1)2 + (y - 3)2 + (2 +11) = 42, Thus the center of the sphere 
is at (-1,3-11) and the radius is 4, 

= 2y - 6; Role 


oF 
OZ 


Setting the partials equal to zero¥ we have x = -l, y = 3, z * -11 and the result follows, 


Method 2:3 “OX = 2x +23 


Method 3: Let x = x' + hs y = y' + k; 2 = 2’ +1 and substitute into the original 
expression; we have, 

(xt +h)? + (y' +k)? + (zt + 1)? # 2(x' +h) = 6(y’ + k) + 22(2" + 1) + 115 = 0 
Equating the coefficients of x,y,z equal to zero yields the required result. 

EXAMPLE 21: Find a suitable translation for 6x* + y* - 22 + 12x - 6y + in Gap = 0, 
Completing the square, we have, 6(x* + 2x +1) + (y2 - 6y +9) - (22 -4ze +4) = 6, 
Accordingly, we get, (x - 1)2 * - 3/2 ~ 42-2 2 2 =: This is an hyperboloid 

of one sheet with center at (-1,3,2) and having a= 1, b = 6, c = 6. 

EXAMPLE 31 Simplify 5x2 + 7y2 + 62% - 4yz - 4xz = 6x - l0y - 42 +7 = 0 by a suitable 


translation. 


Here we have cross-product terms so that we may not use the method of completing the 
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square. But we can either use partial derivatives or substitution by equations of 


translation. Using the former, we obtain, 


SE = ox = bs - 6 = 0; BE ety - ue - 1004 QE eran = by = tn = 4 =, 
Solving simultaneously, we obtain, x =1, y# 1,271. Satake these values into 
the original expression, we get, . 


5(x +1)? + 2(y +1)? + 6(2 +18 - Hy #1)(2 +1) - Me + 1)(x +1) - 6(x + 1) 
- 10(y +1) = 4(2 +1) +* 7 = 0, This reduces to the expression, 


5x2 + Dy? + 622 = Hyg - xz - 3 = 0. 

EXAMPLE 4s Simplify 4x2 + 3y* + 222 + Uyz - 4xy - 10x - by - 28% + 26 = 0 by a suitable 

translation. 

GE sox - ty - 10+ 0 Ew by - tx + te = ah = 0 2 _OF = hs + ty - 28 = 0, 
Nita: these asisieen tee obtain no solution. Hence we QL ne that this is a 

cylinder or paraboloid and we can proce@) no further at this time, i.e. we must rotate 

first. 

EXAMPLE 5: Simplify hix2 + 3y2 + 222 + Hyz - 4xy - 4x - by - 82 + 6 = 0 by a suitable 


translation. 
OF < 585.2 peng OE teases. srt EOE are Seine oraialo) 
JX fe) Oz 

Solving, we obtain, 2x +22 3 Let 2 = 1, then x = 1 and y = 1 and we therefore 


yr2u=2 
have by back substitution, 


W(x + 1)2 + 3(y +1)2 + 2(2 + 1)% + Aly + 1)(z +1) - A(x + 1)(y + 1) - A(x + 2) 
-6(y +1) - 8(2 +1) +6 = 0. This reduces ultimately to, 


by? + 3y2 + 222 + yz - 4xy - 3 = 0. Note that any values of h, k, 1 obtained by 
partial differentiation will yield the same result! 

EXERCISES(7): Simplify the following conicoids by a suitable translation and identify 
whenever possible. 


le x2 = 2y2 + 322 + 4x - 62 +18 = 0. 6, 2x%— 3y2 - Bx + 12y + 3z + 23 = 0, 


2, 6x? + 2y2 + 22 = 2hx + By - de = 0, 2. - ix + 22 - by = lax +6 = 0. 
3. x~ = Wee + 6x = 0. o ax? - Lxy + 6xz - 6x - By? = Syz + Sy + 22° 
4, x2 + by — 322 - 2x - léz - 11 = 0, ~4z +2 = 0. 


5, 2x2 + 3y2 = Bx + 12y + 3z + 23 = 0. % TESTA Pak Vleye Hi Gags Oe oxy 
-40z - 14 = 0, 
10, 2x2 + 3y* = 1022 + 20yz - 8xz - 28xy + 16x + 26y + 16z - 34 = 0. 


WRITE THE BQUATIONS FOR: 


ll. The sphere whose center is at (1,-2,-3) and has radius 5. 

12. The hyperboloid of 1 sheet whose center is at (-1,3,0) and having its axis parallel 
to the yeaxis where a= 1, b= 1, c¢c = 2, 

13. The hyperboloid of 2 sheets whose center is at (-1,3,0) and having its central axis 
parallel to the x-axis where a= 1, pwel,c=2. 
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14, The ellipsoid whose center is at (2,-1,0) and semi-axes are 5, 5/4 and 5 respectively, 


COMPLETE SQUARES AND LOCATE VERTICES OR CENTERS AND TELL WHAT AXIS IS THE AXIS OF 
SYMMETRY OR PARALLEL TO THE AXIS OF SYMMETRY. 


15. 2x + 3y2 = 8x + 12y + 3z + 23 = 0, 

16. 4x2 + 3g2 — +122 +12=0, 

17. x2 + 2y~ = 32° + Ux ~- by - 62-9 = 0, 

18, by2 - 3x2 - 622 = l6y - 6x + 362 - 17 = 0. 
19, 2x2 + 3y2 = 622 + 482 - 96 = 0. 

20. 4x2 = 2y - 22 + 24x + by + 34 = 0, 


CHAPTER 3 = THE CONCEPT OF A VECTOR 
24, THE DEFINITION OF A VECTOR 


A vector is defined as an entity that must have both magnitude and direction. 
If either of these qualities is lacking then we do not have a vector. The symbol 
for a vector is an arrow, viz. initial a ¢ ene Ferre point, the head of 
the arrow indicating the direction and the length of the arrow indicating the magnitude 
or size, Note the positions of the initial point and the terminal point, If the quality 
of direction is lacking in our entity whatever it might be, we refer to the entity as 
a scalar. It is important to distinguish between these two concepts at the outset 
since confusion will arise if these concepts are not firmly grasped. Also, two vectors 
are said to be equal if and only if their magnitudes and directions are the same. 
Physically, one can think of many entities which are either vectors or scalars. 
For example, a common misconception in Physics is that speed is a vector. This is not 
the case as a little reflection will show since there is no direction implied by 
the term ‘speed’, Thus, if one says that one is going 50mph, one is talking about a 
scalar quantity whereas if one says one is going 50 mph east then he is talking 
about a vector. This vector has a particular name - velocity. 
EXERCISES(8): Determine whether the following entities are scalars or vectors. 
1. mass 2, kinetic energy 3. length 4, time 5, electric field intensity 6. work 
7. centrifugal force 8, temperature 9. real number 10. charge 11. frequency 12.cen- 
tripetal force 13, torque 14, acceleration 15. weight 16, density 17, volume 18, mo- 
mentum 19, magnetic field intensity 20. calorie. 


25 ALGEBRAIC AND GEOMETRIC REPRESENTATIONS OF VECTORS 


The simple geometric representation of any vector as seen above is denoted 
by an arrow —._____y». For convenience we may let the initial point be A and the 
terminal point be B, Thus the vector A*——3B is denoted by KS or sometimes AB 


in bold face type. In this treatise bold-face type will not be used nor will the 


arrow above the letters where no confusion is likely. The vector whose initial 
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is B and whose terminal point is A will be called BA i.e. A«#———B,. Because the 


magnitudes are the same and the directions opposite, we say therefore that AB = ah, 
Sometimes a single letter will be used for representing a vector, The usual convention 
4s to use either upper or lower case letters at the beginning of the alphabet for 
vectors whilst using lower case letters such as x,y,z for scalars, We also represent 
the magnitude of vector AB by the symbol |aB| » sometimes referred to as "mag AB", 
Note that |B] = |Ba| « Let us begin by reference to a 2-space rectangular coordinate 
system for simplicity and extend the ideas found there to 3-space and beyond. Consider 
and ordered pair (3,4) in 2espace, Vizes 

3 Gb» Now suppose that we imagine an initial point 
of a vector at the origin and the terminal 
point at (3,4); we would then have something that 


X 4 @,4) 
looked like this: 


X 


Since we are looking for a unique representation we can name the vector in 
terms of the coordinates in this case. We do this by use of a special notation 
to distinguish the vector from the ordered pair (3,4). This special notation is 
[3.4] where the brackets indicate that the entity is a vector - not a point; 
The "3" and "4" inside the brackets are called components of the vector. Now let 
us consider the same vector but with two new vectors added as shown, 
We quickly see that the name of the vector 
along the x-axis is [3,0] but we must 
reflect a little to see why the second 
vector is [o,4| . One must recall that 


the definition of a vector demanded that 


| [3,0] | it have magnitude and direction only and 
that two vectors were equal if and only if their magnitudes and directions were both 
equal. Thus we may “move” the vector to the right as shown and its. unique representation 
will not be changed one bit. It will have the same magnitude and direction, Indeed, 


this is the true power of vectors - by their very nature, they are independent of 
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directions are preserved: 

To find the magnitude of the vector (3.4 above we need only to recall the 
pythagorean theorem which tells us that the length of [3.4] - \p.4j\ = |r + | ee 
Thus we seem to have abstracted a method for finding the components of a vector - 
namely, by subtracting abscissas and ordinates of two different ordered pairs. 

Also, the magnitude seems to be determined by taking the square root of the sum of 
the squares of the components of a vector, Again, referring to the above figures, 
one will see, by a little investigation that [3,4| = [3,0] + [0,4] af we decide 
to define addition of two vectors by adding their respective components, This would 
certainly be consistent with properties of ordered pairs in geometry. 

Now let us "detach" the vectors from the coordinate system and call the vector 

[3.0}=0as [0.4 = AB and [3.4 = OB, We can immediately see that OA + AB = OB, 
This suggests a possibility that any three vectors oriented in this manner might 
follow this rule. For example, referring to figure 26 below, we may say that the 
equality AB + BC = AC might be a vector law. The fact that it is indeed just that 
is quite easily established and another example is shown below in figure 27. This 
law is called the triangle law of addition, Referring back to the previous figures, 


we call the vector OB the resultant of OA and AB and we call OA and AB the component 


vectors of OB, The triangle law may be extended beyond 3 vectors by induction so 
that we simply break any polygon-like figure down into simpler triangle identities, 


For example, 


Here A +B + C= D since using the law 
for the dotted vector yields A +B and 


then using the law again with C gives the 


required result, 
In 3«space we may verify and extend the above concepts readily by reference 


to figure 28, 


Q 


FIGURE 26 
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We see that OB + BC = 0, t.e. [2,0,0| 

# [o,3,0| = (2,3,0[ana that OC + CA = OA, 
tees [2,3,0\+ fo,0.4] =(2,3.4] . 

Also, \[203. ull - Je +9+16 = 29 by 
noting that (os| + + |pc| = | oc] ana 

loc \* + lac|” = | onl” . Hence, |os|” + 
FIGURE 28 \Bc|” + lac |" = | oa[”. 


Any vector whose initial point is at the origin in any coordinate system is 


called a position vector and obviously has the components of the particular coordinates, 
We can now show how to find a vector in 3-space having initial point (x1, yz, 21) and 
terminal point (Xo, Y2s z2)e The figure below should clarify the method, 
o By the triangle rule rj + A = roe Therefore, 
(11445540) 
A= To -Y)] > [x2 ¥2s 22 - [x Yi» zip 
This result yields the vector with components 


. (%2,4 ‘ 
= x) | x2 - Xl» Yo ~ Yu» 22 - al. A similar proof 


can be constructed for 2-space, 


L 
Let us recapitulate and generalize the concepts discussed so far: 
(1) aB= = BA but | aB\ = (Ba| 


(2) A+B [ay + Bis Ap + Boy sdevebeal (addition of components ) 


(3) A * Jay? . Ag + Ay” + seccces 


(4) A-B@ At (3) = [4 ~Bys Ap - Boy seseeeeeee| 
Physically the addition of vectors in statics yields the so-called parallelogram 


law of forces and indeed historically the physical requirements engendered vector 


mathematics, 


EXERCISES : Find the resultant of the following vectors: 


1, [23] + (-2,5) 2. (2,-2.3) + (5,-2.0) 3. (2,-2.3) - (4.3.21 + (5,5,71 4 Ba + ac 
5. = = Find the magnitule of the vectors. 6. ,f=59121 7» T-2s-lell Be (le—t,-8\ 
9 mt oe 15] 2 pole7] 10. [1,203] +[2.-55-3) - (-1,-1,7]. Given the points at 2) 
B(=3o'4)¢ C(a2p-3)y D(Ly-2)s Be the vectors: ll. AB 12, BA 13, BC 14, BD 15, AD - BC. 
Given the points A(1 ee B(-1,-3,—-+), C(-2,3,-1), find the vectors: 16, AC 17. CA 

18. BC 19, BA 20. BA - CA. 
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26. ALGEBRAIC PROPERTIES OF VECTORS 

It can be quickly verified that vectors adhere to the usual group properties 
under addition - indeed they form a commutative group under addition. The four 
group properties for any operation “o” ares 
(1) a in S and b in S implies that a o b is in S, where S is a set (closure) 
(2) (aob)oc#ao (boc) (associativity) 
(3) There exists an element e in S such thataoe=eoa~a (identity element) 
(4) There exists an element a! in S such that a o aml = aml o a =e (inverse element) 
If we add the property that ao b = bo a, we have a commutative group. Thus, since, 
(l)A+BeBta 
(2) A+ (B+C) = (A+B) +C 


(3) A+ O= A where 0 is called the "null" vector and has components in 2-space [o,0\ 
and in 3-space [0,0,0|, etc. 


(4) A+ (<A) = 0 
it is quickly seen that vectors form a commutative group under addition, 

To establish that A+ B= B+ A for example, we can use the triangle rule in 
2-space so that we sty If we concern ourselves with the 


upper triangle, we see that atb==c, 


whilst the bottom triangle yields 


G. 
i b+a™c, Hence, we may conclude 
that a + b= b +a and commutivity 
Lb is established; 


Similar geometric methods may be employed to establish other additive group 
properties, 

Since we have not defined multiplication between two vectors, we shall postpone 
this operation until later, but we will define properties of multiplication between 
scalars and vectors, Again we can verify that scalars and vectors satisfy the dis- 
tributive and commutative group properties under multiplication except for the ex- 
istence of an inverse element. Thus, we have: 

(1) If x is in S and A is in S, then xA is in S (closure) 
(2) (xy)A = x(yA) (associativity) 
(3) There 1s a scalar x such that Ax = xA= A, i.e. x = 1 (identity element) 
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(4) xA = Ax (commutivity ) 


(5) A(x + y) = Ax + Ay (Distributive law times/plus) 
(6) x(A +B) = xA+ xB (Distributive law times/plus) 

Thus if the above ten properties are satisfied by entities under these operations 
they form what is known as a linear vector space. Practically, this means that we 
can handle vectors almost with as much ease as elementary algebra. To see what mult- 
iplication of a vector by a scalar means we can take a very simple example. Suppose 
we have A = b+ » then 2A = 2[3,4| = [6.8]. Geometrically we see that: 


(6,8) 
@,4) 


becomes 


that is, the vector'’s magnitude has been doubled, 


EXAMPLE 11 Given A = / , Find 3A, -A/2 
Since A we (\ BA < fF -~A’ = of 


Note that the direction of -A/2(opposite sense) and that the vectors must also be 
parallel, since for any displacement one must always be able to have the vectors 
“overlap”, so to speak. This is a fundamental property of vectors in any space, i.e. 


4f one vecto 1 or coincident to another vector then it must be some 


scalar multiple of it and vice versa. To put this statement in mathematical terms, 
we would state that if A\\B iff A = tB where t is some scalar, 
BXERCISES(10): If A=[-2,i]; B =[+3,-4|, find the resultant vectors: 


1; 2A - 3B 2. |A|B 3.\BIA 4. A/\A\+ B/IBI 5. 2(A - 2B). If A=[2,-2,1] B= [4,447 
find the resultant vectors: 6, 2A - 3B 7. A\B\+ 'B\A\8, A/4 - B/2, Find \ 4/\Af10. B| 


27-2 UNIT VECTORS 

Since we have established that if one vector is parallel or coincident to another 
vector then it can be expressed as a scalar multiple of that vector, it is natural 
to try to express any vector in terms of a vector whose magnitude is 1. Such a vector 


{s called a unit vector 
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EXAMPLE 11: Express iE yi\in terms of a unit vector. 


First, we must unitize(or normalize as it's sometimes called ) [3,4] s0 as to make 


its magnitude unity. To do this, we simply divide each of its components by its 


magnitude, Thus we have, u= A = L3,4\ a [% (Jana therefore A = 5| 2 uf 
JA 5 a) “Ss )-S 


Geometrically we can look upon the axes as having unit vectors lying along 
each axis, In 2-space, {1.4- 43 [o.1|- je In 3-space the unit vector along the 
g~axis is [0,0,2| = k and of course, [1,0,0 | a i; [or1,0[ j. Thus [3ei\in 2-space 
could be expressed as 31 + 4j and (1,-1,2[1n 3-space could be expressed as i - j + 2k. 
The magnitudes of 1,j and k are always 1, That 1s, | i\ =\3\ =\x\ act, Snare ae 
really no particular advantage in using the 4,3,k system, Its historical use makes 
4t worth mentioning and sometimes there are certain situations where precedent 
seemingly dematis this notation although the use of the ordered pair or ordered 
triple notation lends itself much more readily to matrix methods which have the 
advantage of expediting most of the difficulties which frequently arise. The | 


student should be able to switch from one notation to the other anyway. 


EXERCISES(11): 1. Find a unit vector parallel to [-7,24| 2. Find a unit veotor 
parallel to =5,~6,30] 3. express 21 - 3j in 3-space in bracket form, 4, Express 
24 = 3j in 2=space in bracket form 5, express [3e~5e-2 in terms of the unit 
coordinate vectors, 
28, PHYSICAL PROBLEMS UTILIZING VECTORS 

To illustrate some of the above concepts and to show how vectors are used in 
everyday physical problems, several examples are shown below, An elementary knowledge 
of trigonometry is assumed, of course, 


EXAMPLE 11 If a man travels 10 miles east, 16 miles south, 14 miles east, 6 miles 


north and 4 miles west, what is the resultant displacement from the starting point? 


Needless to say, if we knew the coordinates of each vector, we could then 
add them up to obtain the resultant. Hence, our second step is to either resolve any 


non-quadrantal vectors into quadrantal components(there are no non-quadrantal vectors 


here) or to put all vectors into bracket form and perform the addition. Hence, we 38 
have 10 = 14 - & = 20 for the x-component and 16 - 6 = 10 for the y-component i.e, 

we obtain [20,10] » Now X - |(e0.20]|- 22,36 and @ = tan~ly/x = 26,56°, 

EXAMPLE 2: Find the resultant force in the figure below: 

Resolving the 151b., 101b, and 9,11b, vectors 

into their x and y components, we have, 

\L5cos1a]% 15sintIP\ » [rocos4s?,10sint5°| 

[0.-9.1]. Thus, R = |2scosizt15sinnt\ + 
[Rocost5,208ink5 [ + \o39-2| = 9.22 +[z.2,7-2(+ 
[0,-9.2] = [H1.9,105| ana hence | rl = 19.19 


EXAMPLE 31 An airplane is headed straight east at 300 miles per hour, However, 


the wind is simultaneously blowing the airplane southwest at 60 mph. Where is the 
airplane relative to its starting point after $ hour? 
We must make a drawing of the situation at any time t. Thus, we have, 


20k __» 
bot after 4 hour we have, 


o 


4S 


Hence, we obtain [250,0\+ [30cos225°, 308in2259| = X. 
Thus, X = (150, + [-21.21,-21.21| = (128.79, -21.21| and \x| = 130.52 0 = -9,35° 
EXERCISES(12)s | 

1, An airplane travels 100 miles due east and then 150 miles 60° north of west, 

Determine the resultant displacement. 

2. The following forces act on a particle P, Fy = [2.53], Po = [-3,-249| ’ P3 = Cajijals 


Find the resultant force and the magnitude of the resultant, 


3. Forces of magnitudes 3,4,5 pounds act at a point in direction parallel to the side 
2/\: 


of an equilateral triangle taken in order, Find their resultant, 


4, Find the resultant force of the coplanar forces shown below: 


er 
1QOe a 80H Acrdss & con 


5. A boat sets out from A to go upstreampto C, The current of the river is 5 mph 


amd the speed of the boat is 10 mph. The distance from B to C is 8 miles and from 
Ato B is 6 miles, where B is directly across the river from A. What is the distance 


(Tr sexess uPpSTrea m , 
which will result in the shortest time in going, from A to C? How oye wit imi Mk 33 
2 


29. LINEAR DEPENDENCE AND INDEPENDENCE OF VECTORS 
Sometimes by chance it so happens that certain vectors in 2-space can be expressed 
in terms of one another. For example, the vector [6,8[ can be expressed as 2 (3.44. 
What this means geometrically is that if we were to consider the two vectors (3.4 
and [6,8| separately, they would not indicate to us whether we had two dimensions 


involved since the vectors could be parallel or coincident, The term most often used 


for this condition is collinear i.e, the vectors lie along the same straight line 
even though their magnitudes differ, Also, we say that the two vectors do not span 
2=space, even though théy are described in two-dimensional terns, 

Now let us carry this concept one step further to 3espace i.e. let us suppose that 
we have 3 vectors that do not span 3 space i.e. they do not occupy 3 dimensions but 
only 2 or 1, For convenience, let us deal with 3 vectors that are coplanar (occupying 
two dimensions only), Such a set might iy (2,2,3] 5 [-1,2,-2]s (a4. Now if we 


were to plot these, we will see thats 


The drawing above seems to indicate that the vectors are coplanar and indeed, 
2f1,1,3) + [-1,2,-2| = {24,4 4.e, the triangle rule yields the required result. The 
point is that because one vector can be expressed in terms of the others we say that 
the vectors are linearly dependent, i.e. in 3-space they do not occupy the 3 dimensions 
but are either coplanar or collinear and hence one may be expressed in terms of the 
others. An example of 3-space collinearity would be to have the vectors (2,2,3], 
[2416], [-20-24-3|. Here At ts seen that [1,2.3\= [26] + b2,-2,-3] ana the points 
are collinear since geometrically we can imagine a line in space such that the sum 


of two of the a Lecieen eee the magnitudes of the vectors) has to be equal to the 


1-3-3) 12.3 
thin: —o Se Note that [-1,-2,~3]1s the same as 


(2,4 6] _ 7 ee -|1,2,31. Transposition is possible. 


Recapitulating then, we see that in 2-space vectors are linearly dependent 40 
(abbreviated L.D.) if and only if they are collinear and if we can express one vector 
in terms of another. In 3-space vectors are L.D, iff they are coplanar or collinear 
and if we can express one vector in terms of the other two. Note that by saying 
that we can express one vector in terms of others is the same as saying that there 
exist non-zero scalars such that xA + yB + zC = 0 in the case of 3-space, since 
A = -y/xB - 2/xC where -y/x and -z/x can be new scalar constants say s and t, i.e. 
we could just as well have A = sB + tC. Indeed, we can extend this concept inductively 
to define linear dependence in n-dimensional space, Thus, we say that a set of 
vectors Az: ApsesesecesAn are LD. iff there exist scalars Xz, XoseeeeesesXy not 
all zero such that, x zAy + xpAotesccceeseet XpAn ™ Oe 

From the examples above we can see that vectors need not be collinear or co- 
planar in 2 or 3espace, i.e. they may span the whole space, When this is the case 
vectors are not L.D., they are called linearly independent. Thus the vectors { 1,-1,2|, 
b,-3,-5| and (2,-1,44 are linearly independent(abbreviated L.I.) since not one of 
the vectors can be expressed in terms of the others. 

There are some interesting properties regarding L.I, vectors which will be 
derived at this time and will prove useful in solving some practical problems, 
Suppose that we have two vectors a,b that are L.I., then it will be proven that if 
x and y are scalars and xa + yb = 0, it must follow that x = y = 0, The proof of this 
is quite simple and the indirect method will be used. 
Theorem: a,b, are L,I. and xa + yb = 0 implies that x = y = 0. 
Proof: Suppose not, then let y, say, be # 0; then x/yé + 6 = 0 by hypothesis, i.e. 
B= ~x/ya. This means that b is some scalar multiple of 2, but we have seen previously 
that it must follow that b must be coincident or parallel to 2 and thus a and are 
LD. — contradiction: 

Now let us generalize the proof to n-space. 


Theorem Als A2 ,ecvcceces An are L.I. and X 1A] * xoAo FP ccoceses XnAn = 0 imples that 
X1 ™ XQ * cevcccee = Xn 7 Ve 


Proofs Suppose not, then let some x, say x, # 0, Then Ay + X2/xyAp + seeee + X,/x]An = 0. 


That is, Ay = ~x2/x Ag - x3/x1A3 M esesesesee ™ Xn/X1Ane 


Thus Ay is expressed in terms of Az, A3zy seeeee Ay multiplied by non-zero 
scalars(if the sajars are zero, then the theorem automatically follows), but if 
A, can be expressed in this fashion, the vectors must be L.D. - contradiction. 
Sometimes this theorem is given as the definition for L.I. vectors, To summarize again 
then, we say that vectors Ay» 42, ..... Ay, are LD. Aff scalars X15 X95 eeeceesXy 
not all zero can be found such that x Aq + xgA2 t eeccese + XnAn = 03 vectors 
Ays Ags scccccees An are Lele Aff x A] + XpAQ F coeeee + XyAn = O implies that 
X1 Xp ™ cesscee * X, * Op 

Later, we will be interested in finding L.I. vectors which are mutually per- 
pendicular spanning 2-space and 3-space since by so doing we may place new sets of 
axes where we want them. Also we will develop more sophisticated techniques for 
determining whether vectors are L.D. or L.I. using matrices and determinants, 

Right now it should be noted that any 3 vectors in 2-space must be L.D. and any 
4 vectors in 3-space must also be L.D. since in either case any two of the vectors 
in combination with scalars must yield a third one since in each case, we have an 
extra vector for the dimensions involved, As soon as we can express one vector in 
terms of the others they are L.D. 
EXAMPLE 11 Show that [1y-1,2|) [ls-3-5|, [2+ -Le#[are Ler. 
If the vectors were L.D. then there would be scalars not equal to zero, Say, XsVyz 
such that x (2.-2,2\+ y (14-35-5| + z\ 2,-1.4 = 0. istominety, we would have, 


x+y +2230 
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-x - 3y-20 solution is (0,0,0), 1.e. x = 0 = y = 2, Hence vectors are L,I. 


2x - 5y + 4z = 0 
EXAMPLE 2: Show that [a-2.2{, [1,-3,-5|, one [ -1,0,-2| are L.D. 


If they are L.D., then there must exist scalars(non-zero) Xe¥_Z_yW, such that, 


x [1,-1,2| + y [14-31-5| +2 [2,-1.4 + | -2,0,-3| = 0. 


Hence, x+y + 2z-w# 0 
=x - 3y -2 = 0 eliminating w from (1) and (3) we have, 
ax - Sy t4z - w= 0 


“x -3y-27 0 now let z= 9, thus, -x - 3y 79 

x - by + 22 = 0 x - 6y = -18 and x - 6 = -18 

- 9y = ~9 xX = =]2 
yl 

w=exty + 22 = -12 +1+ 18 = 7, Hence, we obtain, 


~12 [2.-2.2| + J21-3+-5| + 9 2,-1,4| + 7(-1,0.-1| = 0, which is easily verified, 


EXERCISES(13)1 42 


1. Show that A[2,-1], 3.1,-3], (3,2 are L.D. and find non-zero scalars x,y,z such 
that xA + yB + 2C # 0. 


2. Show that [3,4,-5], [-2s-253], L0,2,-1] are L.D. 


3. If A= ([2,-1],(B = [-3,4] where A,® are LI. and x(A - B) + y(2A + B) + 3A = 0, 
find the values of x and y. 


4, If A= [-1,25-2], B= [-3,0,-1], C = [2,2,0] are L,I. vectors and x(A - B) + y(B = C) 
+2(A - C) + 3C - 38 = 0, find the values of x,y and z. 


5. Given the 3 position vectors [1,-1,2], [3.-3,3]» [-33,0]; determine if they are 
LeD. or Lelee If the former, whether they are coplanar or collinear, 


30. VECTOR ANALYSIS APPLIED TO PLANE EUCLIDEAN GEOMETRY 

It would be instructive at this point to illustrate the power and usefulness 
of vector tools to solve problems in plane euclidean geometry, 

Although there are more sophisticated techniques in some instances to solve 
these types of problems we will have to defer these techniques until we can build up 
a little more machinery via later chapters. . 

Essentially there are two techniques. The first utilizes the concept of L.I. 
and it only remains for the student to make any necessary constructions coupled 
with basic vector properties and a little ingenuity. The second technique requires 
a little knowledge of algebra and usually upon assigning vector names to certain 
parts of the plane figure involved, the proof practically “falls out” automatically, 
so to speak, The second technique will be illustrated first since it is the easier 
to grasp. 


EXAMPLE 11 Prove that the line joining the midpoints of a triangle is parallel to 
the third side and equal to one-half of ite 


First, we draw a figure. 


Second, we assign vectors as shown. 


Third, we write down the vector re- 

& 2 
A+ab 
lationships to see if ahy conclusions 


are apparent, vize 


— — -_—? —_—>} _y 
Here it 1s seen that vectorially DA + Am = DE by the triangle rule and BA + AC = BC. 


ly 
Therefore DE = a +b, BC = 2a + 2b =2(a +b). Now DE is a scalar multiple of BC 


—_ 
and hence DE is parallel to BC and since the scalar is 2 then | pel = 4 acl QED; 


EXAMPLE 2: Prove that the diagonals of a parallelogram bisect each other, 4 3 


D 


; =) 
A b Let DO = xDB = x(a + b) 


let $= ye = y(a -d) 
fo ea 
— —> 
Now b + = DO, i.eg Dt y(a-b) =x(at+b), 
Hence, a(x - y) + b(x + y - 1) = 0, but a,b 


are LoI. and thus, x =~ y = Og xt y-17 0 


b C which gives x = y = 4; QED! 


EXAMPLE 3: Prove that the median to the hypotenuse of a right-angled triangle is 4 of it, 


Must show that |a + b\= (al. Now considering 


a to have components [a;,@g] and b = [b1,b2], 


ao 
, we have (a + b=" Kay + by)* + (ap + by )* and 
ra | al =Vay? + ap’. Therefore, we must show that! 
(a, + by)” + (ap + by )* = ay” + ap” or the 
14+ b . equivalent statement b77 + by? + 2a;b, * 2Zanbo = 0, 


But, because we have a right~angled triangle, we therefore have: 


\2a + »|? + ||? = \2a]? or in terms of the respective components, we have, 


(2a, + b,)? + (2ap + by )* + by” + bo = hay” * hap*, This reduces to the following 


relation after a little elementary algebra: by? + by? + 2a,b] + 2agb, = 0. QED; 


EXERCISES(14): 


1. 


Ze 


Prove that the lines joining the mid-points of the sides of a quadrilateral 
form a parallelogram, 


Prove that the medians of any triangle trisect each other, 
Show that the angle bisectors of any triangle meet at a point, 


Prove that the median from 1 vertex to the opposite side in any parallelogram 
trisect the diagonal that they intersect, 


If O 4s any point within triangle ABC and P,Q,R are the mid-points of the sides 
AB, BC, CA respectively, prove that OA + OB + OC = OP + 0Q + OR, 


If one pair of opposite sides of a quadrilateral are equal, the mid-points of the 
other 2 sides and the mid-points of the diagonals form a rhombus, 


If the perpendiculars from two of the vertices of a triangle on the opposite sides 
are equal, the triangle is isosceles, 


If two medians of a triangle are equal, the triangle is isosceles, 


The sum of the perpendiculars drawn from any point within an equilateral triangle 
o the 3 sides is equal to the perpendicular drawn from the vertex to the base. 
hints use problem 3). 


yy 


10. Show that if two parallelograms have a common ai ORS Sede i 
the corner of another parallelogram. RerUy atte cennmvaneular poritaiar evar 


——— POR aatigag 


Unfortunately we need some more tools before we are able to extend our knowledge 
of vectors, We will need to know something about matrices as mentioned in chapter 2 
in order to facilitate rotation in 2 and 3-space, Also, it might have been noted in 
chapter 3, section 29 that a knowledge of matrices would have helped since we were 
really dealing with systems of simultaneous linear equations, A working knowledge 
of determinants and matrices is essential then if we are to develop more sophisticated 
vector techniques, In this effort we are not going to concern ourselves with proofs 
of theorems that we use since any good text on Matrices and determinants would pro- 
vide these, Instead, the use of the definitions and theorems will be stressed - es- 
pecially how they may be used with vector analysis, 


31. DEFINITION OF DETERMINANTS 


The first entity with which we deal is a square array of symbols, usually numbers, 
called a determinant, Rectangular arrays of symbols are also possible but these are 


called matrices(singular-matrix), The chief difference is that while there is a 


numerical or other type of value associated with a determinant, there need not be 
if the entity is a square matrix, Thus, the student should not confuse a square 
matrix with a determinant, The symbols indicating that an array of symbols is a 


determinant are two bars, Thus, 


a x el] 
1 2 

13 3 and are determinants, 
3 4 

24 0 


In the first determinant above, the three symbols a,x,-1 are called a row, 
whilst a,l,2 are called a column. Furthermore identification is given to each element 
by reference to its position in terms of rows and columns, Thus x would be the 
element in the lst row and 2nd column, 2 would be in the 3rd row, lst column, etc, 
The first determinant 1s referred to as a 3 x 3 and the second as a 2 x 2, Mathematicians 
use double subscripts to indicate each element's position and to represent an n x n 


determinant, we would have, 


46 


abl ajo 813 Coecesvccee A1n 
ao] ao9 493 seecceveees Bon Note that the lst subscript indicates 
e ° e 


the row and the 2nd subscript indicates 


the column, 


antl an? an3 eeeeccceses Ann 


Another entity associated with each determinant is an entity called a minor 
or cofactor. These are determinants obtained by striking out the ith row and jth 
column of any element in the original determinant, the sign of the cofactor being 
determined by whether 1 + j is even or odd, If it is even, it's positive, if odd, 
then it’s negative, The symbok used for cofactors are usually upper case letters 
associated with the elements of the determinant. Thus Aj > would be the sub-determinant 
found by striking out the lst row and 2nd column and its sign would be negative, 
EXAMPLE 1: Find the cofactors of the following determinant: 


1 2 3 ? 4 7 4 5 1 3! 
4 5 7 Ad” é 31 ho 5 37 |p 2| “27 Ly 
0 2 3 3 1 3 1 2 2 3 
1 2 oa i. 3, 22 "lo 3 37" \y “15 

ea We : 

EXAMPLE 2: Find Ag of the following determinant: 

pee : 13 4 7 

Pe eee ee es 


ey a ay 

8 7 6 3 
8 7 6 4 3 
ho 6 2 3 1 


32. EVALUATION OF DETERMINANTS 


There are a variety of techniques for evaluating a determinant but they are all 
predicated on the definition of the evaluation, The motivation for evaluating the 
determinant in this definition was,of course,profoundly influenced by geometric 
properties but need not concern us here, At this juncture we will define the eval- 


uation and then develop more rapid techniques for this evaluation strictly as an 
intellectual exercise, The value of the determinant is usually indicated by the 


symbol Z\ (delta) and C\ = ay4A31 - a2 1Ap1 + 85349) — eevee + (HL)? Mang Ange 46 
This can be expressed in short form by (-1)*-lasyAyye (Note here that the sign . 


of the cofactors is automatically taken into consideration! ) 


Then /\= 811292 ~ 821812» Since Aj, ™ ajo and Aj, = -aj2. 


Thus, if D = all 442 
"21 822 
Again, if 41 a2 913 
ae A "22 923 M12, 713 Piz. i 
821 422 823] then C\= ayy a A = 89) + a3) 
2 433 232 822 42 
S31. 932: 33 ‘ “ae 


Therefore L\ = 071892833 ~ 811823832 - 821812833¢ 821913232* 431912823 ~ 231813822° 
EXAMPLE 3: Evaluates {-1 2 <5 


3 6 2 
4 3 -9 
6 2 2 =5 2 =5 
= = = +4 =48 +9 +10 = 161, 
3 9 3-9 6 #2 


EXAMPLE 43 Show that |x y 1 
xX, ¥, 1 = 0 represents a straight line in 2-space. 


%2 Y2 1 
= x(yy - Yo) - x1(¥ - ¥Q) + xp(y - yy) = x(¥z ~ Yo) + ¥(xQ = x1) + XY¥2 - XY] = 0 
iee. Ax + By + C = 0 which represents a straight line in 2=space, 
One can readily see that evaluation of determinants larger than 3 x 3 can 
become a very tedious process, Fortunately, there are some theorems(whose proofs 
we will omit) which obviate much of the tedium of evaluation. These theorems are 
now listed and examples will be given utilizing the conclusions of these theorems, 


Theorem 1: If the corresponding rows and columns of D are interchanged the value 
of D is unchanged. 


EXAMPLE 5: [1 2 1 3 
= -2 and = -2, 
3 4 2 4h 


Theorem 2: If any two rows(or columns) of D be interchanged, /\ changes sign, 


EXAMPLE 6: |1 2 2 1 
= ~2 BUT = 26 


a: H ~ |e 3 


Theorem 3: If any two rows(or columns) of D are alike or in proportion, then /\ = 0, 


12 3 47 


EXAMPLE 73 


“1 2 =5 
THEOREM 4: If each row(or column of D be multiplied by k, then the value of D is A, 
EXAMPLE 8: |-1 2 -5 -2 4 -10 


3 6 -2 = 161 (from example 3) and|/3 6 2 = 322 (2 times row 1), 


4 3 9 4 3 -9 


Theorem 5: If to each element of a row(or peas of D is added k times the correspon- 
ding element in another row(or column), /\ is unchanged. 


This is an extremely useful theorem since it allows us to put zeroes in 
propitious places, 


EXAMPLE 93 |[-1 2 <5 “1 2 <5 keeping row 1 fixed and multiplying it 
3 6 -2}/= 10 12 -17 by 3 and adding it to row 2, 
4 3 9 4 3 -9 
Wl 2 =5 keeping row 1 fixed 
12 -17 
= 10 12 -17 and multiplying it by ™ -1l = 161, 


11 =29 
0 ll «29 4 & adding it to row 3. 
n nw 


Theorem 6: /\*= > (-1)*Tanadns (n0 sum on n) = > (-1)* again (10 sum on n), This 


tet tel 
says that we may use any row or column to evaluate D, 


EXAMPLE 10: Evaluate [-1 2 <5 by using column 2, 
3 6 2 
4 3 -9 
3 2 “1 -5 “1 -5 | 
We have, «2 + 6 - = 38 +174 - 51 = 161, 
“9 ho 99 3 <2 


Theorem 7: If any row(or column ) of Dis eres then Le 0. 
EXAMPLE 11: Evaluate |1 2 3 

0 0 0 = 0. 

“52 3 


EXERCISES(15) Find the value of the following determinants, Use theorems 1-7 whenever 
possible, 


le 2 =5 
3 6 


2.13 -6 2 3e j2 -5 3 | 4% jl 2 3 5. jsine =cose | «48 


1 O -5 5 6 -2 4 5 6 cos@ sind 


esc@ tan@ cscO aX b2 2 =3 2 -3 4 5 6 9? 8 
cot@ sin@ cote a> b3 o -5 6 -7 8 9 10 1 12 
ae As 3 1314 15 16 
10. |-1 5 -2 


3-5 2 6 -1 

4 -2 6 -3 -1 

21 34 #21 
33. DEFINITION OF A MATRIX 

It was seen that a square array of symbols together with an evaluation tsonniaue 
yielded a determinant. A matrix is rather like an extension of this concept, It is 
a rectangular array(not necessarily square) of symbols(usually numbers) but it 
differs from the determinant in that there is no value assigned to the array as was 
the case when dealing with determinants, Instead the whole array is treated as an 
element of a set and the set elements have certain operations defined on them, Thus, 
they form an algebra ~- called matrix algebra and we will be interested in a lot of the 
properties of this algebra. The symbol for a matrix is a pair of brackets [ ] and 
as will be seen, is not entirely a coincidence with our choice of bracket use for 
vectors. Indeed, as will be seen later, a vector can be considered as a special type 
of matrix, i.e. a column matrix. The matrix 1s always described in terms of rows 
first and columns second, Thus, a 2 x 3 matrix(read “two by three") means 2 rows 
and 3 columns whereas a 3 x 2 matrix would be 3 rows and 2 columns. Some examples 


of matrices are shown below: 


1 2 1 1 3 5 4 sin®@ 
3 4 2 2 4 6 -5 6 
3 3 cose 
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Sometimes one is interested in finding non-zero dferminants of matrices, This 
will tell one the rank of the matrix and the rank of the matrix will yield information 
about systems of equations, for example. A zero matrix is one that contains all 
zeroes and its rank is said to be zero. The rank of a matrix is formally defined 
as rif at least ae ite resquare minors is different from 0, whilst every r + 1 
square minor(if any) is zero. 

EXAMPLE 1: Find the rank of |1 2 3 a sf 
4 5 6 Here /\= 0, but = -370 
45 
7 8 9 Thus, r = 2. 
If the determinant of any square matrix = 0, it is called singular. 
EXAMPLE 21 Find the rank of {0 1 2 


@ ~cl- 62 Z\= 0 and Ay, 0 (1,5 = 1,2,3), Thusr =1. 


34, OPERATIONS WITH MATRICES 


Addition and subtraction are possible with matrices if and only if they are the 
same type - sometimes they are said to be conformable. Addition and subtraction 
are defined in a manner sim=ilar to addition and subtraction of vectors - namely, 


the elements or components of each are either added or subtracted to one another. 


EXAMPLE 1+ Adds 3 1-3 242 +0 2 3 
-2 -1 4a} 5-2 . .- 6 


BXAMPLE 2: adds 2. 1 3 
= = NOT POSSIBLE! 
3 4 4 5 3 
EXAMPLE 3: add: [1 2 = 2 h ot 
3 4 -5 4} =18 0 
5 66 6 3 ll 3 


Multiplication is a little more complicated and division is not defined ex- 
cept in terms of multiplication by an inverse element where division by the zero 
matrix is excluded, of course. Multiplication of two matrices is performed by us- 
ing the row of elements of the left multiplier and combining these with the column” 
elements of the right multiplier. After this the results of the multiplications 


are added together to give the corresponding answer element. Some simple examples 


should suffice to elucidate this concept. 90 
EXAMPLE 4s | 1 -5 6 1(-5) + 2(-2)  1(6)+ 2(3) -9 v2! 
Ei 4 3 “yo Sa 3(&)+ 4(3) : -23 30 
BXAMPLE 51 [1 
2{x[¥ 5 6]= aft: 10 12 
3 12 15 18 


EXAMPLE 6:;1 2 
x 
3 4 by 
“7 -2 
2 


EXAMPLE 7 2 14 -23 11 
-5 3 

4 x = 30 -51 25 
6 -9 & 

6 46-79 «39 


It will be noticed that multiplication is not possible whenever we have an 


5 = NOT POSSIBLE: 


m xn matrix times a p x q matrix where n # p, i.e. we must have an m x n matrix 


times an n x p matrix and furthermore the answer matrix must be an m X pe 


EXERCISES(16)s If a= Be ={-3 4 5) 
2 At 3 4 — 2 10 


9 <-1 -15 
1, What 4s the rank of A,B,C? 2. Find A+B 3, Find BA* C4, |BA+C|5. AB 


35 TYPES OF MATRICES 


There are various types of matrices with which one must become familiar for 
subsequent work and to facilitate manipulation. It was found that the division and 
multiplication of poloynomials were made extremely less cumbersome by "detaching" 
coefficients from the variables concerned and working with the coefficients alone. 

This process, it will be recalled, was termed "synthetic" division, The use of matrices 
4s somewhat analgous to this process and again coefficients are detached and put 

into an array called a matrix so that they may be manipulated with much more exped- 
fency than they would otherwise. Now the types of matrices with which we will be 
concerned ares 


1) Transpose matrix 2 Symmetric matrix 
2) Diagonal matrix Ad joint matrix 

3) Identity matrix : AANOE ES: matrix 
(4) Equivalent Matrix 


Si 


It must be understood that there are more types of matrices than these, but 
we really need not be concerned about them here, Also, we will again assume the gen- 
eral properties of these types of matrices without proof and we will utilize these 
theorems or properties in specific examples, Let us deal with the definitions of 
the above matrices in the order given and give specific examples of each. 
(1) TRANSPOSE OF A MATRIX: A transpose of a matrix A is defined to the matrix obtained 


by interchanging rows and columns of A, Its symbol is A‘. 


EXAMPLE 1: If A= {1 2 3 then A' = [1 4 
: 5 ‘| 2 5 
3 6 
BXAMPLE 2: If A= |1 2 then A' =|1 3 
weed OE 


There are two important theorems regarding transposes: 


Theorem 1: The transpose of the sum of 2 matrices is the sum of the transposes, 


4. ee (A +B)" = A' +B’, 
A'=|1 3° 5 -1 2 ee 
4 6 =3 " 


RXAMPLE 31 If A=(1 2] B= [-2 


3.4 2 
5 6 -1 
a — 
A+tBe#{0 -1 and (A+B)'=#|0 5 4 
& 1 -1 1 3 


4 3 


Theorem 2: The transpose of a product of two matrices is the product of their 
transposes in reverse order! i.e. (AB)' = B’A' 
5| 


EXAMPLE EXAMPLE 41 2 aoe 
4 
? -5 18 8 
7 —t 

Now/1 2 3 14 

aad and -1 1 “1 1 -1)}1 a - 

2 5|* 
10 6 1st 


6 
(2) DIAGONAL MATRIX: This is defined to be a square matrix with spade elements only 


—_ 
a 
] t | 
rn Nn 
~ ( 


where all other elements are zeroes. The symbol of a diagonal matrix is diagA. Thus, 


m 92 


and are diagonal matrices, 


(3) IDENTITY MATRIX: This matrix is defined to a a diagonal matrix whose diagonal 


elements are always equal to 1. Thus, 


(2 1 0 oO 
and | are identity natrices. 


0 1 0 1 0; 
0 0 | 
The motivation for calling these types of matrices identity matrices is read- 
ily seen if one recalls the third property of a multiplicative group which requires 
an element I in the set(in this case, the elements are themselves matrices) to exist 
such that AeI = A, The identity matrix I does satisfy this requirement as a simple 


example will shows thus, 


PAE TL TE EI 


Obviously, diagonal and identity matrices do not exist AS non-square matrices; 
(4) EQUIVALENT MATRIX: This is defined to that matrix B which is obtained from 
another matrix A by a sequence of elementary transformations, Elementary transformations 
are like those manipulations performed on determinants when evaluating them. They 
consist of interchanging rows or columns, multiplication or division of any row or 
column by any number whatever except zero and the multiplication of a particular 
row or columnn by a suitable scalar and then adding the result to another row or 
column, 

Specifically, we are more interested in row transformations rather than column 
transformations since we will be dealing with systems of linear equations. Examples 
of equivalent matrices are shown below, Above each tilde (indicating a transformation) 
is written the particular technique employed. 


EXAMPLE 5: Find an equivalent matrix to: {1 2 0O <1 


1 2 0-1 1 2 0 -i] ao fio 2 1 53 
~3K 4Ry 7 
3 4 POS 22) ~ a 5 AP 0 we 4° BIRTFle. 3 aes 
i g ; 
23 2 «5 23 2 «5! fo 7 2 3 02 7 3 
1021 
f~J 10 1 0 5inAy etce 
40,403 | 
{0 2ll 3 


All of the above matrices are equivalent to A, If this process is continued, 
oc OS 
eventually, one ends ups with a diagonal matrix with l's,only, This is the so-called 


normal form, but need not concern us here, 


EXAMPLE 6: Show that }]1 1 2 1 1 0 0 -6 
-1 =-3 -1 Of is equivalent to: {0 1 0 1 
2-5 4& #5 0 0 1 3} 
1121 112 1 mee 1 & oa 
Rx ' 
“1-3 -l1 OF 2 1 Unyio 2 1 UAyio 1 0 1 
~rRavk, Ry=-7 | R rR 
coun -7 0 -7 Jo ao yo 2 2 yy 
fl 1 2 y io 2 0 1 0 0 -é 
mm) 10 1 0 Unylo 1 0 UA /jo 1 0 21 
“2 Ra Ky ~ Rak, ~2hiok 
0 Oo 1 3 0 0 1 3 0 0 1 3 


We will see subsequently that equivalent matrices provide an expedient method 
for solving systems of linear equations. 


(5) SYMMETRIC MATRIX: This is a square matrix A where A= A'- that is, where the 


elements about the diagonal are the same, Thus, 


Ael1l 2 3 is symmetric since A = A’, 
2-1 4 
3 4 2 


(6) ADJOINT MATRIX: This 1s a square matrix A where the elements are made up of the 


co-factors of the determinant of A such that the cofactors are written in transpose 
order, Thus, if A= land aja 843 then adj A (Ay, = Ag] a 
421 822 323 Aig Ag2 32) 


431 932 933 BIg) (-Be3” 9B3, 


EXAMPLE 7: Find the adjoint of |1 2 31. Now 44, 7/3 2 Ajo * 2 2 


2 3 2 a: ee 3 4 


Thus, Ay) * 63 Ayo = -23 Aq3 = ~35 Apy = 1s Aga = -53 Ang = 33 A37 * "53 A32 = 43433 = -1, 
Hence, adj A= 6 1 =5 
2-5 4 
eee 
(7) INVERSE OF A SQUARE MATRIX: This is a square matrix aq) such that when mutiplied 
with A, it gives the identity matrix I, That is, AATL =e I Avla, Notice that this 


satisfies the fourth multiplicative group postulate. 


EXAMPLE 8+ Show that [1 -3 2 i 23 
|-3 3-2 is the inverse of: {2 4 5], By multiplication, 
lp aa 3 5 6 
1-3 a2}f1 2 3] PP) SOP Th. Be 3 3 3 2 
1 ; i 
3°93 -lii2 4 5) = Jo 1 of i2 4 51/-3 3 -1 
ka dbs 6 0 0 1 oo ee 
Important theorems relating to inverse matrices are the followings 
Theorem 3: The determinant of Aq! is the inverse of determinant As 1-€.1A7'| = aT 
EXAMPLE 91 let A= [1 2 3} Then a7) [1.78 686-08 = 
4 5 6: | 1.55 073  .18| [ale 30 = | a7] 
[7 8 -1) | "e 09 019 -.09] 
Theoren 4: The inverse of the transpose is the transpose of the inverse 5 (ary? = (a7l)*, 
EXAMPLE 101 2 zy |4 -2 2 «1 1 3 
= = where A = 
4 <3. 21 -3/2 4 2 4 
2 
Now Ant a [4 33 2 -3/2 1 2--1 
= and (A™+)' = which agrees with the above! 
= -l 4 -3/2 4 


Theorem 5: The inverse of the product of two neertees A,B is the product of the inverses 


in REVERSE ORDER: i.e. (AB)~* = BU*A 
Incidentally, although we do not need to find inverses of nofisquare matrices, 


the above theorems yield a method for finding an inverse, The required relationship is, 
AT = (ata)~tat since (ata)“) = anl(aty-2, then (ata)lat = act(at)-lar, but 


(a')~lat = T, an | This 4s predicated upon the assumption 


that an inverse exists for the square matrix A'A. For example, 95 


a 


1 3 2 1 0 0) © For detailed example, 
1 4&4 1 =jOoO 1 0 refer to appendix l. 
1 3 5 So 4 


36. S Y_ OF ALGEBRAIC PRO ES OF MATRICES 

(1) Addition and subtractien of matrices is not possible unless the matrices have 

the same number of rows and columns. 

(2) Multiplication of matrices is possible only when the number of columns of the 

first matrix are the same as the number of rows of the second matrix, 

(3) Non-singular square matrices form a commutative group under addition. 

(4) 5 bs * " —" group under multiplication. 

(5) The commutative law does not hold for non-singular square matrices under multi- 

plication but if we define multiplication of a matrix A by a constant k, we mean 

each element is to be multiplied by this constant. Thus 2 1 2 3] (2 4 6) 
4 5 6 i is 10 12 

(6) Matrices form a vector space since the 10 conditions in chapter 3, section 26 

are satisfied. 


37. METHODS FOR FINDING THE INVERSE OF A NON-SINGULAR SQUARE MATRIX 


Ist Method: AT+ = adj A (adjoint method). 
A 


Example 1: Find amt af A= [-2 3] We have, Aqy = “Ys Ayo = -55 Any = 734 Age = -2e 
5 ~4l Also Det A= -7¢ 
Therefore, ATL aw | oy -3| 4/9 = 3/7 
= To check we see that, 
=5_ 2 5/7 2/2 
7 

Tr ot fe 3lf4/7 3/7 

lo 14 \s ii] 5/7 2/2 
EXAMPLE 2: Find Ataf a= [-3 2 -1 

0 1 -il Det A = <7 


06 


493 = -13 Ag, 3 13 Ago * -33 433 = -3. 
70 o| f1 0 oO 
Po 


Notice it is easier to work with matrices with integers as elements instead of 
fractions, Thus, it is usually a good idea to “carry along” the determinant denom- 
inator of the fraction as in example 2. 
2nd Method: (augmented matrix method ) 

This method utilizes the row operations of finding an equivalent matrix to an 
augmented matrix formed by attaching the unit matrix to the original matrix and 
then changing the original matrix into a unit matrix. This method is particularly 
adaptable to computer techniques since the number of memories required to find the 
inverse is equal to the number of elements plus the number of memories required 
to do the operations of addition, subtraction and multiplication(usually 3). 
EXAMPLE 3: Find Atl af a= [-2 3] We form the sugmented matrix |-2 3 1 0 

5 5 + oO 1 


and strive to find the equivalent matrix which ends up withs 


= mA 
This is done via the following transformations, 


0 1 Ay Apo 
*k "kK 
2 3 1 0j-AR, ‘1-3/2 -$ 0} save] -3/2 -+ 0 3K, 1 -3/2 -+ 0 
5 -4 0 1 5 + ol 0 7/2 5/2 1 0 1 5/72/97 
¥0,4R,{2 9 4/7 3/2 y/o 3/7] [4% 3] as in 
: Therefore, the inverse iss = 
0 1 5/7 2/7 5/7 2/7 2 example 12! 
7 
EXAMPLE 4; Find Atif a= |-3 2 -1 We have, 
0 1 -l 
2 1 2 


j ~2/3 13 -1/3 0 6 


of 


-2/3 1/3 -1/3 9 Oo 1 -2/3 1/3 -1/3 0 0 1 -2/3 1/3 -1/3 0 0 
-1/3 8/3 -2/3 0 1 Ne) o 1 <8 2 0 3 Bes 0 1-8 2 043 
1 «1 0 1 0 0 1 «1 0 1 0 0 0 7 2 13 
3 <2 1-1 O O 3 0 -15 3 =O -6 1 0-5 1 O -2 
oN 0 8 2 0 3 [No i ee 2 es tac 1-8 2 0 =3 
0 07 2 1 3 0 0 7 2 21 0 0 7 - 1 3 
; 1 0-5 1 0 #2 1 0 -5 1 0 -0 -3/7 5/7 1/7 
ww 0 1-8 2 0 33 sy 0 1 -0 -2/7 8/7 3/7 iad 1 0 -2/9 8/7 3/7 
fs 
0 O 1 2/7 1/7 3/7 . 0 0 1-2/7 1/7 3/7 0 0 1 -2/7 1/7 3/7 


as in example 2, 


8 
1 
7 


EXERCISES(17): If A={1 3 -7| 


1 


2 


& 
eo 


5e 


2 4 5) 
ms est a 
Find (a) A al (a) A' (e) AA’ (£) Adj A (g) What is peculiar about AA‘? 


c 
Cae Pa 285s [ale 
Find the inverse of " | 3. Find the inverse of /2 -3 4 


1-10 2 5 6 -2 
Ju 6 8 
Show that ]1 5 -2 1 1 0 OO Of by suitable row and column 
23 1 4 A/j\|o 2 0 7} transformations, 
296 A 8 0 3-1. Wf 
If a= [-2 1 Find adj(adj A). 
HA 


rf a=[1 2 3] (a) Find adja (b) Find [adj al (c) What ts adj A's rank? 
4 5 6{ (a) Find aw! (e) What is peculiar about adj A? 
7 8 9 
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7, If A*™/1 -1 2 B= {1 2 Find (a) AB (b) (ap)7+ (c) BA (da) (pa)? 
3 -1 0 -1 0 (e) AA' 
-2 1 


8,1 a= [4 -3 3 Find (a) adj A (b) [| (c) ATL (a) (adj A)A (e) AA’ 


9, 1 A=fi 2 2] Fina (a) adja (b) ave 


ate. a. a 
1 4 -2 3 
2 0 1 1 


38. EXPRESSION OF NON-HOMOGENEOQUS LINEAR EQUATIONS IN MATRIX FORM 


One of the main uses of matrices and determinants is the solution of systems of 
linear equations - specifically m equations in n unknowns, It will be recalled that 
these types of equations occured previously when discussing Linear Dependence and 
Independence. Later it will be seen that the knowledge of how to solve such systems 
will greatly expedite the solution of other geometric problems when they occur, 

Essentially there are three cases where m linear equations in n unknowns are 
involved, Case 1 is where the number of equations exceed the number of unknowns i.e. 
where m >n, Case 2 is where the number of equations equals the number of unknowns, 
4,e. where m =n, and case 3 is where the number of unknowns exceed the number of 
equations, i.e. m <n. The theorems relevant to these cases are given below and the 
proofs of these theorems may be found in any good algebra textbook dealing with this 
subject matter, 


First, consider m equations in n unknowns symbolized bys 


were nee Verh BH OG 


a41%1 + a,2%) t eeeeececcece + ain = ky 59 


aq5X a+ Xo F evsvsecseccces =k 
1241 “22 2 ata *an®n * X2 (1) known as non- 


where k, # 0 homogeneous equa- 


: : tions when k, # 0, 
An 1X1 + am2*2 + conccccesece annXn ™ Kn 


Second, consider these equations in matrix form, 1ee.; 


a a @ovecccsese & xX k (2) 
i: Ga Breer n é a where k, # 0. 

e ° e sie 

e e e e 

e e e e 

° e ° . 


ant an? eeaeeseocee- Ay, 
Next, we consider the,augmented matrix of the system, defined as, 


[aq ayo eeosecccvccce a1n ky 


82] 422 eeevsececece A2n ke WITH THESE EQUATIONS AND NOTATION IN MIND, 
® ° e e (3) 
e e ° é WE CONSIDER THREE CONDITIONS. 

an1 2 @mn Ky 


Case lim>n 
If the rank of the coefficient matrix in (2) is the same as the rank of the 
augmented matrix (3), then there is at least one solution(i.e,. the equations are 
consistent), If however, the rank of the coefficient matrix is less than that of 
the augmented matrix, there is no solution. Of course, the rank of the coefficient 
be greater Than 


matrix can never «©: the rank of the augmented matrix en any case, since the 


coefficient matrix is always part of the augmented matrix, 


EXAMPLE 1:1 Solve the system of equations: 2x + 3y = 1 2 3 
x- 2y 24 here, |1 -2{ has rank 2, 
Axe y=9 4-1 


andf2 3 1 

1-2 4 has rank 2 also since its 3 x 3 determinant equals zero, 

4 el 9 Hence, we have an unique solution, in this case, To find this 
solution, we may solve any two equations, say, x - 2y = 4, 8x = 2y = 18, which gives 


7x = 14 and thus, x = 2 and y = «1, These values have to satisfy the lst equation, 


EXAMPLE 2: Solve the systems x - y 3 3 1 -1 
2x-y24 Here, {2 -1 
x BY MMe 1 3 


1 3 -2 no solution exists, 


EXAMPLE 3: Solve the system: Now, 


xt yr gael 
2x = 2y + 22 3 
5x - Vy + 22 = 8 
7x tlly + 82 = 6 


also has rank 2, so that in this 


22 1 3 finity of solutions - namely, x 
5 -? 2 8 y 
7 11 8 6| Z 


Case 2: m =n 
If the determinant of the coefficient matrix is not ze 
are consistent and we have a unique solution, 
EXAMPLE 43 Solve the system: 2x - y* 22 <1 
x=- 2y + gm 3 1 =-2 
3x = y = 22 4 3-1 
the equations are consistent and x = 1, y 1, zZ ™ =2. 


If the determinant of the coefficient matrix is zero, 


consistent if the rank of the coefficient matrix and the augmented matrix are equal, 


has rank 3, since its 3 x 3 determinant's value = 3. Therefore, 


1 21 ii1 
2 <2 21 has rank 2, 
5 -7 2 
7 St 8 


case there exist an in- 
= 5 - 3k/4 
ae k +1 


mn 
=k 


ro then the equations 


= 


# 0, Therefore, 


-l 


then the equations are 
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so that there will then exist at least 1 solution, If however, the rank of the coeff- 


{cient matrix is less than that of the augmented matrix there is no solution and the 


equations are inconsistent, It should be noted that in the 


case where the ranks of 


the coefficient and augmented matrices are equal, it can be shown that exactly n- r 


of the unknown variables can be given arbitrary values. Hence, if we are dealing with 


3 equations in 3 unknowns for example, we can never find a unique solution when the 


determinant of the coefficient matrix is zero, but we can always find solutions. 


EXAMPLE 53 Solve the system: xt yr 272 Now, jl 1 1 
2x-2y +4 224 2 <2 1 has rank 2. 


7x tlly + 82 =14 7 11 #8 


2-2 1 4 also has rank 2 since all 3 x 3 determinants = 0, There are 3 = 2 
711 #8 Ww (4.e. n - 1) variables that may be assigned arbitrary values. 
Solving, we obtainx = 3k +2, y= k, z= -hk(letting y =k), Thus, if k = 1, one 
solution would be (5,1,-4). 


EXAMPLE 6: Solve the systems x + yto2*2. Now,{/1 1 #21 


2x -2y + gah 2 <2 1 has rank 2, 
2x tlly + 82, =—4 7 ll 8 
BUT, [2 1 12 ay 
22 1 4 has rank 3 since 21 4 = =54 #0, 
71 838 + 11 8 4 


Therefore the equations are inconsistent and have no solution, 
Case 3: m<n | 
In this case solutions’ extst only =~... os iff the rank of the coefficient 
matrix is equal to the rank of the augmented matrix and n - r variables may be as= 
signed arbitrary values. 
EXAMPLE 73 Solve the system: x - 2y + z= 3 
2x - y t2z = 3 
The rank of |}1 -2 1 1 2 21 3 
= 2 and the rank of a) 
2-1 2 2-1 2 3 
Therefore, solutions exist and letting 7 = k, we have, x =1-k, y=-le A partic- 
ular solution could bes (1,-1,0). 
EXAMPLE 8: Solve the systems x- 2y +z = 3 Here, Yr, = Ty and the solution 
ax -4y-225 this time is x = 8/3 + 2k, y = ke 
This is obtained by letting z = t, then get 2(3-t) = 5 + t, so that t = 1/3. Then, 
x = 2y = 3 - 1/3 = 8/3; 2x - 4y = 5 + 1/3 = 16/3. Then let y =k, Thus x= 8/3 + 2k. 


EXAMPLE 9: Solve the systems x - 2y+ 223 
Here, Tg <Yg and there is no 


2x - by + 22 = 5 solution! 


EXAMPLE 10: Solve the system of simultaneous linear equations: 3x - y + 72 = 2 


5x + By + 4g = -3 


3x -y *7z=2 


x*y-2z21 


62 
x*#y-2z=1 | 


5x + 3y +42 =-3 


Here it is seen that r, = Ta = 3 

and hence there is a unique solu- 
tion (2,-3,-1) to the system, Al- 
though we have not studied the geom- 
etric significance of 3 linear equa- 
tions in 3 unknowns, we will assume 
for the moment that each equation 
represents a plane in space and the 
above system is amply illustrated on 
the left, In this case, of course, 
we immediately see that the planes . 
will intersect in a common point - 
namely (2,-3,-1), the solution to 
the system above, Needless to say, 


there are other possiblities of 


planes intersecting besides the illustration above. Some: of the more interesting cases are 


illustrated below and in each illustration, the equations of the planes and lines which 


are determined by one another are shown without explanation(except for the equations) since 


at this juncture,the student is not expected to realize the full ramifications of the 


illustrations presented, After the chapters dealing with planes and lines in 3-space, it 


would be advisable to the interested student to refer back to these drawings to appreciate 


the full geometric significance of them. 


Ta = 35%, = 2 63 


xX + 3y + 4z = 3 
xty #z= 3 


=552,0] + tL1,-2,1] 


= =2 


Ta 


x #17y * 72 = 11 


[1,0,1] + +[2,9,-23] 


*y+tz=8 
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To summarize then, we may have two types of sets of linear equations ~ the 
non-homogeneous and homogeneous types. The former is where at least one constant 
on the right hand side of the systems of equations is not zero and the following 
rules apply. First, the rank of the coefficient matrix can never be greater than 
that of the augmented matrix. Second, a system of linear equations is consistent 
4f and only if the coefficient matrix has the same rank as the augmented matrix. 
Third, if the system of linear equations does have a solution which is not unique, - 
and the coefficient and augmented matrices have rank r, then n - r of the unknowns 
may be assigned at pleasure(provided that the coefficient matrix of the remaining 
unknowns is also of rank r) and the others will then be uniquely determined. 


39. HOMOGENEOUS LINEAR SYSTEMS IN MATRIX FORM 


We must now deal with homogeneous systems of linear equations, i.e, where the 


constants on the right hand side of the equations are all zero, We have the matrix form, 


A]1 B12 eeescecseses aln 
AP] 420 eescecccsoce a2n 


e e e 
an an 2 eceeecenveccces Ann | 
In this case it can readily be seen that the rank of the coefficient matrix is 


always equal to that of the augmented matrix(since the augmented matrix always con- 
tains a column of zeroes), and also, there is always a solution to the system, since 


the values x] = X2 7 eseses * X, = 0 will satisfy the equations. Such a solution is 


called the trivial solution, 


Again we may have 3 cases, i.e. where m > Ny M™ Ny M < Ny but this time we 
are looking for a solution other than the trivial solution. 

The theorems which apply to these sytems are analgous to the ones that applied 
in the non-homogeneous case. First, a system of linear equations which are homogeneous 
has a solution other than the trivial solution if and only if the rank of the et 
ficient(and in this case the augmented, since they are the same) matrix is < n(the 
number of unknowns ). Second, if the rank of the said system is r, the values of 
n «4 of the unknowns may be assigned at pleasure and the others will be uniquely 
determined (provided that the coefficient matrix of the remaining unknowns is also 
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of rank r), To illustrate these concepts, we may subdivide into three cases m equa- 
tions in n unknowns, 1.6. m>n, m= nym <n, 
Case 1: m >n (number of equations > number of unknowns), 
EXAMPLE 1:° Solve the systems 2x - y + 3z 2 0 2 al. 3 
3x + 2y + 2=O0 Now the rank of |3 2 i1j is 2. 
x + 3y - 22 = 0 1 3 2] 
sx + y+ 4ze 20 5 1 4 
But n = 3 and since r <n, we must have a solution other than the trival solution, 
let z = k and solve any two of the equations for x and y say (1) and (4). We have, 
2x =-y + 3k = 0 


7x +.7k = 0. Hence, x = -k, y = k. The general solution is (-k,k,k), 
Sx +y + 4k = 0 


EXAMPLE 21 Solve the systems x- y= 0 1 *] 
3x + 2y = 0 the rank of {3 2 is 2 andn = 2, 
2x + y=0 2 | thus, only solution 
is (0,0). 
Case 2tm=n 
EXAMPLE _33 Solve the system: 2x - 4y + 3z = 0 24 3 


x + 2y - 22 = 0)the rank of {1 2 2} is 2 and n = 3, 
x - 6y + 52 = 0 1 6 5 
Since r <n, we must have another solution besides (0,0,0); letting z = k, we have, 


2x - by + 3k = 0 
hy = k = 0. Hence, x = k/4, y = 7k/8, The general solution is: 


(k/4, 7k/8, k). 
EXAMPLE 4: Solve the system: 2x - 4y + 32 = 0 24 3 


2x + by - 4k = 0 


x + 2y - 22 = 0)the rank of {1 2 -2| is 3 since /\= -7 


Xx + yre 22 = 0 1 21 =2 
Since n =r = 3, there is no solution, 
Case 3: m<n 
EXAMPLE 5: Solve the system x - 2y + z= 0 1-2 dt 
the rank of = 2, but n = 3, 
x + 2y - 32 = 0 1 2 -3 


Let 2 = ky we have, x - 2y + k=0 
Hence x = k, y = k. Solution is (k,k,k). 
x + 2y - 3k = 0 
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Recapitulating very briefly by means of a block diagram, we haves 


ate NOR gaa ATEN 


LINEAR EQUATIONS 
m equations inn 


unknowns, 


NON-HOMOGENEOUS 
coefficient rank(r,) 
always < augmented 
matrix rank Daye 


et tain al 


HOMOGENEOUS 
(constants always 0) 
always has trivial 
solution (0,0,0). 
Coefficient and aug- 
mented matrix ranks 
always equal, 


ek A DN NOTRE ded APE Te AE HANNA EERIE SEDC SEA OPT OP 


at rN Neha A i en a el 


r<n- 


ren 


st ter otras ca Aether en one eee 


i . 


r . r.< ae 
no solution solutions such solutfons Such equations 
other than that n-r vari- inconsistent, 
trivial, ables may be no solution, 

assigned arbi- 


trary values, 


eis 


EXERCISES(18 )s Determine whether the following systems of equations are consistent 
or inconsistent, trivial solutions excluded, 


erence 


1, 2x- y24l] 2 3x+2y -3= 0] 3. 2xt3y% 2-1] 4, 2x - By + 52 = 5 
x- 3yY 77 5x t4y +2=0 x + 5y - 7 = + x-3y +4, = 4 


3x + 2y a1 3x + Y = 0 5x + 2y + 322 3 x+3y -22= 2 


5e 2X—= Yr see ee zZ21 7. 3x + 2y - 2 21/8 2x + 3y=-2=1 


3x + 2y - 22 = 3 2x + Ay - 52 = 3 5x *# 4y - 22 = OF x +2y+z = 3 
hx = By + 7z 292 2x - 3y - 52 = 5 5x + By - 2 #5 
x* yr geil x 53 ==7 


9. 2x + 3y -2=1)10. x + Py +22 wee LTEll, -2x t+ y + 223 ‘ 12. x-2y20 


5x + 2y + 2% s=3 xt yor z2thw= 0 2x + 2y + 2=0 2x - hy = 0! 


' 
nh 
Nn 
+ 

Wr 
z 

a 
& 


x + Py +e = 5 2x + 2y 
hx = 2y - 72 +10w = 11) 


13. x+3y = 0) 1% x- y-2220/15. 2x- yt 2= 0/16, x+2y -32- w= 


[o) 


2x - 3y = 0 2x * Sy - 32 = 0 7x + 3y - 220 x= yr2z-2w = 


[~) 


3x -17y - 82 = 0 x + 5y + 2220 x + 5y - 82 = 


2x ~ 5y + 92 - Sw =0 
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17. 2x +3y + 2- wO0 18. 2x4 yr3e2- we=0 19, xt 5y- 2 2wa2l 


x*+ yroa2* 5w=0 xX = - zg -4w=0 10x = 9y +10z - 5w = 0 
3x + Sy * 32 - 7w = 0 3x + Sy - 2 * 2w 2 0 2x - 3y + 3W 2=2 
x + 2y + 22 - 6w = 0 x + 2y - 3w = 0 6x + 7y * 32 = 3 
5x + by = 22 t14w = 0 ix - y +22 4% w20 x - yrtig + w= dO 


3x * 2y = 2 + Sw sel] 
20. xt you 2 et wd 


2x = 2y ~ 2z-— Jw= 0 

Xx + 3y - 22 - 3w = 0 

2x - 3y + 2 - 5w = 0 
40, METHODS OF SOLVING SIMULTANEOUS LINEAR EQUATIONS BY USING MATRICES AND DETERMINANTS 

Aside from the usual algebraic and graphical methods involving substitution, 
elimination and the like, there are more expeditious methods using the concepts 
unfolded above, Essentially there are three methods which can be used with n equations 
in n unknowns(and here we will be concerned with square matrices) and one of these 
methods can also be used for m equations in n unknowns, The three methods are (1) 
Cramer's Rule - which uses the determinants of the coefficient matrix; (2) Inverse 
Matrix Method - which uses the inverse matrix to obtain a solution(if there is one); 
(3) Augmented Matrix Method ~- which uses the augmented matrix and can be used gen- 


erally. We will scrutinize each of the methods below. 


(1) CRAMER'S RULE: Suppose that we have a systems a1 A]D seceseecee An |X] Ae 
a eatcocceses & 
e bd ® e 
e ‘ ° =le 
e e* s e 
ani ano ovesveseee Ann k 


Then Cramer's Rule states that : 


xy - ky By oeececce a1n % ™ 11 ky eocsces &1n X3 = etc,, where 
Kk, aie *2n 12 ko eseoses 8On 
° . ¢ ® A = determinant 
° * ° * 8 ° of coefficient mat-~ 
Kn Ange sesesesann ana” ka aepewel ann rix and # 0: 


A ras 


i.e. we replace the equation constants in the x; place, the Xy place and so on, then 
divide by determinant value. rf/\= 0, then we must resort to another method. 


EXAMPLE 1: Solve the systems 2x = yr 22 =] 2-1 ii1 
x= 2y + Z = #3 now /\=/1 ~2 1] * 7. 
3x - yo z= 4 3 -1 -1 
and x = 2 -l =—1 
z 
=7 #1ls y =1 *@1ls2@i1 «2 =-3) = 14 = ~2 
3-1 -4 


Thus, the solution is (1,1,-2). 
EXAMPLE 2: Solve the systems x+ yr 222 Now /\ = 0, therefore, we cannot 
2x -2y+ gah use Cramer's rule? 
7x lly + 8g =14 
(2) INVERSE MATRIX METHOD: 
Suppose we have a system Ax = k as above, Multiplying on the left by atl, we 
have A7)(ax) = av1k, but A7™L(ax) = (AtLA)x = x. Thus, our solution must be x = A7Jk, 


if [aly 0, of course, 


EXAMPLE 3: Solve the system: 2x 


(3) AUGMENTED MATRIX METHOD: 


This method uses the augmented matrix of the system and it does not matter 
how many equations or unknowns are involved or whether Z\= 0. An equivalent matrix 
4s found with as many zeroes as possible until it is convenient to determine the 
values of the unknowns. 

EXAMPLE 43 Solve the system: 2x - y + z= 1} First, we form!2 -1 1 <1 
x - 2y + 2 = -35the augmented {1 -2 1 =3 
3x = y- 2 4] matrixs 3 -1 -1 Hy 


a 


Then we find an equivalent matrix which contains as many zeroes as possible, 


2 <1 1 -1 {1 -2 2 -3] 1-2 1-3} [1 2 0 2 
Riek, | ahah Ry +R Hae By 
qe hey 3 Poe) ae “Lol -W AAO 3 a2 STAG |O 3-2 5A 
Rr KR 
3 -1 -1 4 , -l -1 Af aT. + 13 0 5 + 13 
1 0 2 to <b. OF 2 1 0 O lf This immediately yields: 
R347 R, +, 
0 3-1 5I7 Jo 3 -1 «5 Ae 0 0-1 2] x*l,y=1,22-2 
~3R, + 
0-7 0 -7 0 101 0 101 


EXAMPLE 5: Solve the systems x + y+ 2 = 2{ The augmented {1 1 1 2 


2x - 2y + 2 = 4) matrix isi 2 <2 “1 4} 
7x *#lly + 82 =14 7 1 #8 Ww 
121 21 2 Le 2 he 2 13 0 2 


2h, 4 Ry & “RK 
rN {0 <4 -1 0 PAXl0 4 1 iO pay. 0 4 1. O| This givess x - 3y =2 


0 4 1 0 0 0 0 0 0 0 0 9 by saz 
Let 2 = “4k, then y = k and x = 3k + 2, Solution is (3k + 2,k,-4k), 
EXAMPLE 6: Solve the systems x - 2y + 2 #3 12 1 3 
The augmented 
2x - y +2223) matrix iss 2 “1 2 3 


-aeak, {1 9-2 L 3yke3 ]2 -2 1 Shaner, 2 o 1 i This gives y = -l 
f N/ (WI aw 

po 3 9 <3 0 10 1 lo 1 0 -l; x+tze1, 
Let z = k, then x = 1 - k and the solution is: (1-- k,-1,k). 
EXERCISES(19):s Solve the systems of linear equations in exercise 18 by using the 
three methods whenever possible, 

CHAPTER 6 = VECTOR MULTIPLICATION 

41, DEFINITION OF VECTOR MULTIPLICATION 

It has been seen previously that it is possible to multiply a vector by a 
scalar to obtain another vector and geometrically it was seen that this new vector 
obtained was a vector which was considered either parallel or coincident but with 
a different magnitude. At the time of that discussion we deferred the concept of 
the product of two vectors, Now we shall deal with that concept and strive to ad- 
equately answer the question posed in the previous chapter, The first natural ques- 
tion to ask is how one defines the product of 2 or morvectors, and second, what will 
the answer represent - a scalar or a vector? Third, we might ask what the answer rep- 


resents geometrically or physically. 
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Essentially, there are two answers, the product of two vectors can yield 70 
either a scalar or a vector. The scalar product is also known as the dot product; 
the vector product is referred to as the cross-product. The dot product of two 
vectors A and B is defined as AB = [AB] cose where 9 is the angle between the 
vectors A and B, The motivation for such a definition came from physics - specifi- 
cally, work-where to find the amount of work done by moving an object with a cer- 
tain force F through a distance s, one had to find the component of the force in 
the direction of the distance. This, of course, would be given by | F|cos0(see fig- 
ure below) and the resulting work done would be | F| scoso, These and other consid- 
erations in geometry(such as projection) engendered the concept of the dot product, 


More will be said about projection in due course, 


The silien-wcvbitk Soveose 2 vectors A and B is defined as [A x B| = | a|jp]sino as 
one might expect, However, in this case, the cross-product yields a vector A x B and 
to be consistent, we have written the definition so that the left hand side is a 
scalar to conform with the right hand side which is also a scalar, Note that the 
magnitude of the vector A x B as defined above represents the area of a parallelogram 
determined by the two vectors A and B, Again, because of physical considerations, the 
vector is defined to be in the direction petpendicular to both A and B such that 
A, B and A x B form a right-handed system, Strictly speaking then, perhaps the def- 
inition should be in the forn Ax B = N[Allp|sino where N can be considered a unit 
vector perpendicular to both A and B so that A,B,N form a right-handed system. See 


figures 29 and30, A 


Ax& 


F |GURE 29 F | GURE 30 


wk 


The easiest way to remember the direction of A x B is to think of tightening Ti 


a screw where you are tightening from A to B as seen in figure 31]below: 


FIGURE 31 


Physical motivations for this definition came from mechanics(moments, m = rx F), 
electricity and magnetism(F = Bal) etc, where the direction of the forces agree 
with the above definition(see figures 32and 33 below:), 

There are several important things to notice, One is that the cross-product 
of A,B is peculiar to vectors A,B in 3=space only and that the cross-product yields 
a vector which is mutually perpendicular to both the vectors A and B, Another thing to 
note is that unlike the cross-product which is relevant for 3-space only, the dot 
product can be extended to a space of n dimensions as will be seen subsequently, 
Finally, we must remember that the dot product yields a scalar and the cross-product 
a vector. Note also that A x B = = (B x A) and therefore, A,B do not commute under 


_ > 
the operation of vector multiplication, c2 B Ll = (Rx 8 ) 
= Wg 


42, DIRECTION COSINES IN 2-SPACE AND 3-SPACE 


Consider a position vector r in 2-space shown: below: 
The vector r forms angles % and > with the x 
and y-axes respectively. Now cos = x/zx{ and 


cos 8 = y/e| » These cosines are called direction 


cosines in 2=space, Note that cos*< + cos & a 


12 


Now consider a position vector r in 3-space as shown below: 

Again, vector r forms anglesx, pe ¥ with 
the x, y and z-axes respectively. In 
triangle OPA, cosX= x/r, in triangle OPB 
cos 2 = y/r and in triangle OPC, cos X= 2/Te 
these values are called the direction 


cosines of the angles%, 2, 4 in 3-space. 


Again, cos’ + cos + cos” XY #1, 

We can, of course, extend this concept to any space or to any vector since 
vectors may’ be moved around at will so that if we have any vector whatsoever, we 
could "move" it so, that it would become a position vector and hence we could define 
the direction cosines’‘of such a vector in a similar manner in terms of its components, 
4.e, cosx = Ay fal 3 cos & = ApfA\3 cos ¥ = AgfA\s where A is an arbitrary vector and 
Ay» Aa» Ay are the components of the vector and are analgous to (x,y,z) above because 
of the vector's new position with respect to the origin, 


EXAMPLE 1: Find the direction cosines of the position vector [6, -6,7 ]. 


CosX = & = 6/11; Cos = -6/11; cos ¥ = 7/ll. 
6 + 62 + 72 p 


EXAMPLE 2: Find the direction cosines of the vector determined by (1,-1,14) & (6,-7,-16). 
The vector determined by these points is [5,-6,-30]. Therefore Cos& = 5/31; Cos = -6/31; 
Cos ¥ = -30/31. 
EXAMPLE 3: Find the direction cosines of the vector determined by (1,2) and (-3,4). 
The vector determined by these points is [-4,2] and thus Cos X= -4/0 = -2£5 a 
cos 6B = 15. 
43, VECTOR AND SCALAR PROJECTION IN 2 AND 3-SPACE 
Recall that in elemestary plane euclidean geometry that the projection of one 
line segment I, on another L, was determined by the perpendicular dropped form L, to 
Los 1.€. x triangle ABC shown below, for example, 
a BD is the projection of AB on BC, 
DE is the projection of AD on DE, 
AE is the projection of AD on AC, etc, 


Since we are dealing with straight lines, we may define the projection of one 
vector on another in any dimensional space and we do so in a manner similar to that 
of elementary geometry. Thus, if we have two vectors A,B the projection of A on B 
can either be a scalar quantity or a vector quantity, i.e. we may desire 08 or \o3\. 
Now clearly, \os| = |a\cose and we call 


this the ga@Jar projection of A onto B. 
To find the vector projection we simply 


—_ —> 
wi Fed express B in terms of a unit vector in 


> > = 
the direction of B, Now since |0S|= |a|cos@ and since \os| B/)B] = OS, then we have 


—_ ~ 
OS = los|B/ 13| = \alcose B/\B] and we call O8 the vector projection of A onto B, 
Another way to express this is to multiply the right hand side of the equation by 


lpV\B] and we obtain 08 = \alle\coso B/\BK or (A*B)B/|B% Thus, 


= 
Scalar proj A/B = | Alcos@; Vector proj A/B = (AeB)B/\BE = |Alcoso B/| 3]. 


Wy, A®B and A x BIN TSRMS OF THEIR COMPONENTS 


We will deal with A*B first and derive a formula based on properties in 2~space 
only, By induction we can readily arrive at a general definition and a similar type 
of proof would work in 3-space although the derivation would be much more complicated. 
As is seen in the figure, we have two 
position vectors A and B with their dir- 


ection anglesw, iS and their components 


[Ay 42] and [B,,Bo] as shown. 

oo th + B= 90% Thus, 9= 90 -(X +f). Cos@ = Cos_90 ~ (x +B)l]= Sin(& + @ ). 
Therefore CasB=Sinwlsy+ CosXSing but sink = Bo/\Bh cos (& = Ap/| Ak cos & = By/\ Bh 
sini = Ay/\A\ Thus cos@ = A,B) + Ago . Thus, [aliB|cose = A,B, + AgB. 


TRY | TART 


Therefore, A*B = A,B, + AzBg and by similar techniques in 3-space we can arrive at 
AeB = A,B, + AgBo + A3B3 and in n-space AB = A,B, + ApB2 + sesees AnBne 

To derive an expression for A X B, we recall that the definition stated that 
A x B must be perpendicular to both A and B, i.e. we require a vector C(with compon- 
ents x,y,z, say) that is perpendicular to both A and B, From the definition of A°B = 


| allp\cos@, we immediately see that if @=-90°, then cos@ = 0 and hence, AsB must 


equal zero, This gives us a condition for perpendicularity. Thus our vector C = aaa" 

that we require, must satisfy two conditions: (1) AeC = 0; (2) BeC = 0, Therefore, 

we have [A7,A2.A3)* [x»yoz] = 0 and [By ,B29By] * [x,y,z] = 0, that is, 

AyX + Agy + A3z = 0 and Bx + Boy + B3z = 0. This has a solution if the rank of the 

matrix | A, Ay Ag 4s less than 3(a non-trivial solution), Since this condition 
By By 383{ 1s met(by the nature of the matrix being a 2 x 3), we may solve 

the above system of equations but since we may have any component = 0, we may not use 

division in our attempt at a solution, since division by zero is not allowed, First, 

we eliminate z and we obtain: 

Ay Bax + ApBay + AzB3z = 0 

A3Byx + AZB2y + A3ZB32 = 0 

153 = A355] /x F 3 - A352 /y ™ 


This will be satisfied if we put A2By ~- AgBo = x and A3B) - A,B3 = y, Now plugging 
these values back in one of the origianl equations, we get, 
Ay (ApB3 = AgBp) + Ap(A3B] - A]B3) + Agz = 0 which gives ApA3B) - AyAgBo + Age = 0. 


By (A233 - A3Bo) + Bo (A3By - A133) + Baz =0 " "  AgQB,B3 = A, B2B3 + Bzz = 0. 
ee 


The solution for z is A,Bo - AgBy. Thus our required vector A x B has components: 
[A2B3 - A3B2,A3B] - A1B3,A1B2 - A2B1]. Fortunately, this may be put into determinant 
form for mnemonic purposes, i.e, AX B2ii Ay By . 


3 Ag Be 


EXAMPLE 1: If A = [2,-3,6]3 B = [-4,4,-7]; Find (1) Ax B (2) AeB 3} the angle between 
A and B (4) the scalar and vector projection of A on B (5) the direction 
cosines of A. 
(1)AxBel|i 2 -4| = -31 - 105 - 4k = -[3,10,4] 
j 3 4 
k 6 «#7 
(2) Ac3B = [29-36 | : [545-7] = 2(—4) + (-3)(4) + 6(-7) = -62. 
(3) AeB = | Al[B]cos@ and hence, cos@ = AcB = ~62 = -62/63, 0 =169.8°° approximately, 


|AB] 799 


(4) Scalar Proja/B = [A|cos@ = 7(-62/63) = -62/9 
Vector Proj A/B = (AeB) Bo = -62{ -H 4-7] = 62/81[4,-4, 48/81, -248/81,434/81 |. 
oo 2 aga) /81 7] or (248/81, -248/81 434/81 | 


(5) CosX = Ay * 2/73 sited = 42 4 Cos ¥ = 6/7. ie 
lAT [A| 
EXAMPLE 2: Find a vector orthogonal(perpendicular) to AL1,-1,3] and BL3,-4,2]. 
The answer A x B, Therefore we have, |i 1 3 
j -1 -4+/ = [10,7,-1]. Note that any scalar t 
k 3 2 times this vector would be mutually 
orthogonal as well! To checks [1,-1,3] °t10,7,-1] = 0 & [3,-4,2] * +[10,7,-1] = 0, 
EXAMPLE 3: Show that As(B + C) = AeB + Asé, 
If A= ApsAgyeceeeeedn |3 B= [By yBoseoeceeB, 3 C = [Cy pCosescceeeeG, It 
Then Ae(B + C) = [AysAgseececeedn |*[ By + CryBo + Coy sovceee Bn + Cn] 
= AB, + Ala + AzBa + Ape + seccsesece t+ AnBn + AnCn = AoBt Ae C 
EXAMPLE 4s Prove that in any triangle (c(2 = [a\? + (b\? - 2/al[b| cose, 


c2b-a, thus |c| = lb - al 


a 


\cj2 = |b - al? but \cl? = cec and 


\b - al? = (b-a)e(b = a), Therefore, 


_ ee crc = (b= a)e(b - a) = bed = 2arb + ara 


Therefore, (c|? = |al2 + \bl2 - 2\al\b\cose, 


EXAMPLE 53 mia the area of the parallelogram A(-3,3), B(1,5), C(-3,—4), D(1,-2) in 
~Spacee 


Ordinarily, we would use [a x 3] in 3-space. We still can, but we make the third 


components of the vectors zero. 


Al-3,3) 


aa AB =e [4,2 | = ab 
oe ~ => 
ac = [0,-7] = BD 
AxBeli 4 O 
j 2 -7|=([0,0728] and 


D(i,-2) k 0 Oj \Ax Bl= 28 which is 
areas 


C (-3,-4) 


EXAMPLE 61 Find the distance between Py(2,-6,-13) and Pp(5,6,11). 
Now P1Po = (3,12,24] and |P[Po| = 27 = 4. 


EXERCISES(20)s 


1. Given Py * (-1,2,-2) and Pp = (3,10,17), finds 
a) the distance between Py and Po, 

the direction cosine ¥ of OF. 

" * oa * PUP 


ced 


=> 
{2} the unit vector OP,. aan 16 
e) cosine of the angle between OP; and Py? e 


2. Given A=([2,-1,1], B = [1,2,-1], C =[1,1,-2] from the origin to P,Q,R respectively, 
Finds 


(a) area of triangle OPQ. 

b) a unit vector perpendicular to plane OPQ, 

c) a vector perpendicular to plane OQR. 

d) a vector in plane OPQ perpendicular to C, 

(e) area of parallelogram determined by B and C, 

3. Given A=[1,-4,8], B = [-7,6,6], finds 

(a) vector proj A/B (b) scalar proj A/B. 
4, Given the vectors A = [1,-2,-3]; B= [2,l1,-1]s finds 


fa} AeB (b) |Al| (c) a vector perpendicular to A and B (d) the angle between the vectors 
e) area of parallelogram determined by A and B, 


5, Find the distance between the following pairs of points: 


(a) (35-4) and (0,0) (b) (=55-3) and (3,12) (c) (-1,3,-6) and (1,8,8) (d) (0,-3,8) 
and (8,6,-9) (e) (-2,2,5) and (2,6,-2). 


6, Find unit vectors parallel to the vectors determined by the points: 


(a) (11,-12) and (-10,16) (b) (10,12) and (-10,-9) (c) (0,1,-3) and (2,541) (4) 
m1,-352) and (1)3,11) (e) (0,6,0) and (4,8,8). 


7, Find the area of the parallelogram whose diagonals are determined by [3,1,-2] & [1,-3.4]. 


8, If the vectors A and B represent the sides of a rhombus, show by means of a scalar 
product that the diagonals are mutually perpendicular, 


9. Prove the law of sines in a triangle by means of vector products, 


10. By means of the scalar product show that every angle inscribed in a semicircle 
is a right angle. 


ll. Show that [2,3], [-3,2] and [5,1] form a right triangle. 
12, Find the area of the triangle whose vertices are (0,1), (4,6) and (6,-1). 


13, Given the vectors OA = [2,-1,3]; OB = [1,0,-1]; OC = [0,1,1]. Find the area of 
triangle ABC, 


14, Find the area of the triangle whose vertices are (-1,2,3), (5,4,3) and (-2,-2,4). 
15. If A= (=3,le4]3 B= [3,-1.5]; C = (-3,3,-4]s Finds 
(a) Ax (Bx) (b) (Ax B) xc 
45, TRIPLE PRODUCTS 
Recall that when the product of two vectors was explored it was found that 
there were two results - a Stalar and a vector, The same is true for a product of 
3 vectors, Hence, the triple product A*(B x C) will be a scalar and ny (B x C) 
will turn out to be a vector, First, let us see what Ae(B x C) means both algebraically 


TT 


and geometrically. Now BXC=/i By Cy 
5 Ba Ca{=[BeC3 - B5C2,B3C1 - BLC3z,B1C2 - BoC) ]. 
k BZ 63 
Therefore, A*B x C = [Az,AQ0A43] * [B2C3 - B3C2_B3C1 - BLC3,ByCo - BgC} | 
= Ay (B03 - BygC2) + Ap(B3Cy - ByC3) + A3(ByCo-- BoC)), but this 
is exactly the same as [Ay B Cy 
42 Be C2 
Sh 
Hence we may simplify the evaluation of the scalar triple product by use of 
a determinant, Note also that A*e(Bx C) = Ce(A x B) = Be(A x C) = (A x B)*C eter, 
since any of these expressions will represent a double switch of columns in the 
particular determinant and hence preserve the sign. To see what the scalar product 
means geometrically, consider the parallelpiped determined by three vectors A,B,C 


4llustrated below: xt 


Now B x C is a vector which is perpendicular to both B,C and the magnitude of 
B x C is equal to the area of the parallelogram determined by B and C, i.e. |B x cl= 
| B\\c| sine, Now the volume of the parallelpiped will be given by h times the area of the 
parallelogram determined by B and Cs:but h = \A\cos& multiplying both sides by| ¥| 
gives h\w\ = \alb|coxgl, which implies that hel =h= ew where N is a unit vector in 
the direction of h, We recall also that Bx C = NB)c| sine where N is also in the . 
direction of h and | B\\c|sine is the area of the parallelogram determined by B and C - 
call it a. Thus Bx C= aN’ and h = A°N, but this says that Ae(B x C) = At(aN) = a(AeN) 
= ah = the volume of the parallelpiped determined by the vectors A,® and C, 
Recall that A*B x C was given by the determinant shown above so that if we had the 


expression A*(A x C), two columns would be the same and the determinant's value would 


be zero, Thus the volume of the parallelpiped would be zero and the vectors would 
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that A*(B x C) = 0 if and only if the vectors A,B,C are either coplanar or collinear, 


have to be coplanar or collinear, We see immediately from the determinant theorems 


i.e. linearly dependent. Thus we have a rapid method of finding out whether 3 vectors 
are L.D. or nots 

The algebraic representation of A x (B x C) does not lead to anything serendipitous 
unfortunately, but there are formulas for conversion into simpler forms, The formula 
for such a. conversion is the "BAC" minus "CAB" rule, i.e. Ax (Bx C) = BlAeC) — ClAcB), 
To establish this is quite simple but rather tedious, but to enlighten the student and 
familiarize the student with this particular type of proof, we herewith present the 
proof of the above rule, The left hand side becomes: 

i Ay BgC3 - B3C2 which equals: [ApByC2 - AgBgCy - A3B3C] + A3ZB,C3, -A,B]Co+ A ]B2Cy 
5 Ag -B3C1 - BLC3] «= + AgBpCy - AgB3Czy AgByC3-- AgB3C2 + AzB,C3 - A3B3C] |. 

k Az = ByC2 = Bec) 

The right hand side becomes: B(A,C] + AgCp + A3C3) - C(A,By + AgB2 + A3B3) 

= [Bye Bos By ](AyCy + Ante + Ag03) - [Cry Co» Cy ](ayBy + ApBo + AgBs) 

= [A ByC1 + AgBLC2 + A3B1C3 - aBxG ~ AgBoC, - AzB3Cy, Ay BoC} + ode + A3B2C3 

~ AyBip ~ AgBebe ~ byB3Cnr MyBO + AyBoly + AgByts - AgDLCs - AyBoCy- Ayp46s] 

which equals the left hand side. 

To obtain (A x B) x C, we just recall that (A x B) x C = -C x (Ax B) = -[A(C*B = B(CeA) | 
by the "BAC" - "CAB" rule; but this last quantity = B(CeA) - A(C*B) or B(AeC)-= A(BeC). 
This, of sada 4mmediately shows us that the associative law does not hold for 

the cross-product of vectors: 

Another useful formula is the Lagrange Identity. This says that for any vectors 
A,B,C,D that (A x B)*(C x D) = (AeC)(BeD) = (A*D)(BeC) and represents a scalar, The 
proof can be established by a similar tedious process analgous to the proof of the 
above, 

The geometric meaning of A x (B x C) is shown below. It yields a vector in the 
plane determined by B and C which is perpendicular to A, 

Note that the vector A x (B x C) must 
be perpendicular to both A and (B x C) 


and hence parallel to both B and Cc. It 
must lie in the plane determined by B,C, 


Ax(6xC) | 


19 


EXAMPLE 1: Find (A + C)«(C x D). 
The dot product distributes, hence, (AtC)*(C x D) = As(C x D) + cc x D) = As(C xD), 
since C*(C x D) = 0, 


EXAMPLE 2: Show that Ax (Bx C)+Bx (Cx A) = (Ax B) xc, 


Ax (Bx C)=B oF - fs 
Bx (C x A) # C(BeA) = A(BeC) 
x x + BX XA) = B(AtC) - A(BeC) = (Ax B) x Cy QED 
EXAMPLE 3: Given the points A(3,-2,1); B(-3,2-5)s C(-3,1,-2); find the volume of the 
pyramid OABC, 
Since this is a four-point pyramid(i.e., half a prism) and since it takes 3 prisms 
to make up a parallelpiped, the volume will be given by 1/6 of the volume of a 
parallelpiped determined by the vectors A,B,C, Thus, V = 3 3 3 
2 2 1i}=12/6 =2. 
1 -5 <2 
BXAMPLE 4s Show that A = [1,2,-2]; B = [-1,4,2]; ¢ = [4,-7-8] are L.D, and find 
scalars x,y,z such that xA + yB * 2C = 0, 
To show that A,B,C are L.D, we find A*(B x C) which must equal zero, 
Accordingly, }1 -1 4 


2 44 .|7] = 0, Hence, A,B,C are L.D. and there must exist scalars 


-2 2 -8 such that x(1,2,-2] + y[-1,4,2] + 2[4,-7,-8] = 0. 
The coefficient matrix becomes: {1 -1 4 1-1 4 j2 -2 8 
2K Re | R, R, + a 
2 & -7V\Jlo 6-15} ]o 2 -5|7 Nd 
ARR, R,>3 
-2 2 -8 0 0 #60 oe @) 0 
2 0 3 
Therefore, we have 2x + 3z = 0 which implies x = -32/2 
0 2 #5 
2y-5220 " " y = 52/2. 
10 0 0 


Let z = 2, then an integral solution would be x = -3, y = 5. 

Thus, -3[1,2)-2] + 5[-1,4,2] + 2[4,-7,-8] = 0 which checks: 

BXAMPLE 5: Find (A x B) x (C xD). 

Let E= Ax B, therefore, Ex (C x D) = C(EeD) - D(Eec) = C(aAx B)*D)] = DL(A x B)eC]. 
EXERCISES(21): 


1, Show that (A x B)e(C x D) + (Ax D)e(Bx C) = (Ax C)*(Bx D), 


2. Show that [2,1-3]; [1,0,-4]; [4,3,-1] are L.D. and determine scalars x,y,z to 
verify this. 

3. Given the vectors A =[1,-4,8]; B = [-7,6,6]; C = [-7,4,-4]; finds 

(a) the volume ot the parallelpiped formed by these vectors, 

+P} the area of triangle OAB. 

ce) scalar and vector projection of B on C, 

(83 a unit vector parallel to the plane determined by B and C and perpendicular to A, 

e) (Ax B) x C, 

4k, Show that Ax (A x (Ax B)) = (B x A)(A%A). 

5. Verify the following: 


(2) (Ax B) x (Ax C) = AlAe(B x C)]. 


b) |AsA = AcB 2 (c) Ax (Bx C)* Bx (Cx A) + Cx (Ax B)#=0, 
= [a x B| 


AcB  BeB (4) Ax (Ax (Ax (Ax (Ax B)))) = (AeA)*(A x B). 
(e) | x (Ax B) |? - [afP- [4|2a-3. 
CHAPTER 7 - THE STRAIGHT LINE IN 2-SPACE & 3-SPACE 


46, THE STRAIGHT LINE IN 2-SPACE 


The usual criterion that determines a straight line in 2-space is that two 
points determine a straight line, We will now use this postulate and our vector 
knowledge gleaned from the previous chapters to derive the two fundamental forms 
of the straight line, the cartesian form(the form involving x and y) and the para 
metric form(the form involving vectors directly and using some parameter t), Recall 
that a parameter can be considered as a “variable constant" - i,e. an oxymoron which 
means that we realize that the parameter is actually a certain number(and therefore 
not a variable, but a constant), but we can allow this number to assume different 
values depending on the circumstances, 

Consider two points in two-space (x1 ¥1) and (x2sy2) and take a universal 
instance (x,y) on the line as shown in the figure below. A vector lying along the 
line would be given by [x2 - x1, y2 - ¥z]s 
[x - xy» y - yz] or Lx - x20 y - ya] or any 


scalar multiple of these vectors, Thus, 


DX taking two of them containing x,y, we have, 
[x-xp¥- yz] = t(x2 - x1) yo - y1|, where t is any scalar(a parameter here:), Then, 


xX - Xy 
x2 7 X] 


= Y"V1 . e This is called the cartesian form of the straight line 
y2- Y1 


COMPONENTS 81 
may be looked upon as a proportionality constant. Sometimes the ~tesstums X% - Xj 


and yo - yz are given special names, They are called the direction numbers of the 

line. They are symbolized by 1, m in 2-space and 1,m,n in 3-space. To obtain the 
parametric form of the line, we solve for [x,y] in the above vector equations and 

we obtain either [x,y] = [xzoyz] + tlxe - xys¥2 - yz] or Lxsy] = Lx2,¥2] + tha yang). 
The parametric form is very useful since it yields a point on the line and the vector 
lying along the line at once. 


EXAMPLE 1: Find the cartesian and parametric equations of the line joining the points 
~~ (1y-2) and (25-3). 


Cartesian forms x-1,Y*2.2+4 op XoZ.L73 
i = rapa aa 


Parametric forms [x,y] = [1,-2] + t[1,-1] oR [2,-3] + +{1,-1], 


EXAMPLE 2: Find the equation of the tangent to the circle x2 + y- = 25 at the point (3,4). 


The position vector to the point (3,4) is [3,4]. 
Taking a universal instance (x,y) lying on the 
line, we obtain a vector [x - 3,y - 4] lying 
along the line, Since the radius is perpendic- 


ular to the tangent at any point, the dot prod- 


cut must be zero, Accordingly, 
[x - 3,y - 4]*(3,4] = 0 which gives 3x - 9 + 4y - 16 = 0, and thus, 3x + Hy - 25 = 0. 
49, THE STRAIGHT LINE IN 3-SPACE 

Again there are two forms of the straight line in 3-space - the cartesian and 
the parametric, However, there is more than one criterion that determines a straight 
line uniquely in 3-space; in fact there are two. One is that a line is uniquely det- 
ermined by two points and the other is that a line is also uniquely determined by 
the intersection of two non-parallel planes, The former derivation we can do at once - 
the latter derivation we will defer until the next chapter which will deal with planes. 
The derivation of the equation of a line determined by 2 points is quite elementary 


and the form is analgous to the forms in 2-space, The triangle law is utilized. 
Eft ter gangs: yd — 


po a ») 


Consider the position vectors [%¥s21, (xpeyisz1Js 


[xp2¥os%o ]. Then a vector lying along the re- 


[ta-™srgagerya- Ki] quired line would be [x - xy) Yo - Yi» Z2 - 211 
“> 
“4 or any scalar multiple of this vector. Now . 


choose a scalar t such that it makes the length of the vector stretch(or shrink) 82 
to the universal instance (x,y,z) as shown in the figure. Then by the triangle rule, 
[xz 0¥3921 ] + tx - XysYo - Y1922 - 2 | = [x,y,z], which is the parametric form of 


the line., The cartesian form is: x = xX} . L= YL = 2-21 = t or another form: 
fe S4  Je ~ Fy 82 * 8 


ras eet = we 2 —— = t, Note that 1,m,n are direction numbers and that the vector 


[1,myn] lies along the line. Two lines which are neither parallel nor meeting in 


3-space are called 


EXAMPLE 1: Find the parametric and cartesian forms of the lines determined by the 
points (1,-3,5) and (25-253)0 


We immediately haves x-lioY+*+3.2Z2=- 5.2. t (cartesian forn) 
1 1 -2 . 


[x,y,z] = [1,-3.5] + t[1,1,-2] (parametric form), 


EXAMPLE 2: Show that the lines x-l=sy+2_2+ Handx*+2e2y*1l _2+2 
2 3 -1 5 -3 1 


are perpendicular assuming they are not skew. 

If the lines are perpendicular, then the vectors lying along the lines must be per- 
pendicular and therefore the dot product must be zero, Accordingly, 

[253-1 ]*s[5,-3,1] = st(10 -9 -1) = 0. 
note that we may choose the vectors | 2,3,-1] 
and/or [5,=3,1] omitting the scalars, since 


in this case, any suitable vectors lying 


along the line will suffice as our choice, 


EXAMPLE 3: Show that the lines x+1_.y-1.2+* 3 andxt+tlioy-1.2+3 
2 -1 2 2 


intersect and find the angle of intersection. 
Since they share the common point (-1,1,-3), they must intersect and accordingly, we 


have cos® = A*eB , where A,B are vectors lying along each line. 
TATE] 


Therefore cos@ 2 [2,-1,2] ° [2536] = 13/21, and hence 9 = 51675° 83 
3°7 
EXAMPLE 4: Write the equations of the line through (2,-1.3) parallel to the x-axis, 


A vector parallel to the x-axis must be of the form +[1,0,0]. Therefore the equation iss 


X-2-y¥r 12223 oryrl=0,2-370. 
1 0 0 


EXAMPLE 5: Write the equations of the Tine through (2,-1,3) perpendicular to the 
lines whose direction numbers are 3,2,1 and 2,-2,3. 


Since the direction numbers of ly and I» are 3,2,1 and 2,-2,3 respectively, a vector 
lying along Iq would be [3,2,1] and along L, would be [2,-2,3]. Therefore a vector 
perpendicular to these two vectors would be given by the cross-product - namely: 
[321] x [2,-2,3] = [8,-7,-10]; but [8,-7,-10] is a vector lying along the required 
line. Thus, the parametric equation would be [2,-1,3] + +|8,-7,-10] and the cartesian 


equation would bes x =-2 -y #1 . 2-3 
8 -7 -10 ° 


EXAMPLE 6: Find the point of intersection(if any) of the lines: X54 - ra. azo 
First, put the lines into parametric form, so that Ly = [1,5,4] + s(2,1,-7] and 

Lo = [14,-2,5 + t[3,-3,5]. If there is a point (x,y,z) in common, then it must sat- 
isfy both equations simultaneously, i.e., 

(xsyoz] = [1,5,4] + 6[2,1,-7] = [14,-2,5] + t[3,-3,5]. Hence, 

x=2gst+1= 3-414; y= s+ 5= -3t - 2; 22-78 +4 = 5t + 5, This gives us the 


13. Now the rank of |2 -=3 2 <3 #13 
-7 
1 


system: 2s = 3t 
gs * 3t 
-7s - 5t 


1 37731 3 -75 7 2, since /\= 0. 


-7 -5 “7-5 1 


Since rg ™ Tas there must be a solution and we use the @ugmented matrix method, 


2 3 15 1 3-7 237, Jp 3-7 1 0 
hy - Rae R 

1 3 +7 yO) 2 +3 13 Ne) 0 -9 271-10 -1 3 aw, 0 -1 
RitR; Rs=16 Ri+k; 

7-5 1 "7-5 1 0 16 -48 o 1 3 o 0 


Therefore, s = 2, t = -3 and plugging these values back into the equations above for 
X,¥,Z, we obtain x = 2(2) +1; y = 2 + 53 2 = -7(2) #4, The required point is (5,7,-10). 
EXERCISES(22): 


1. Find the cartesian and parametric equations of the following lines determined by the 
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indicated points: 


fa} (5322) (-2,-3) (3 (5y-1), (5»-2) (c) (-1,354), (6,-2,3) (a) (49-352), (0,0,0) 
e 25-351), (-2,-1,5 e 


2. Find the direction numbers and direction cosines of the above lines in problem 1, 
3. Find the acute angles between 1(a) and 1(b) above, 
4, Find the acute angles between 1(c) and 1(d) aboves 1(c) and 1(e) above, 


5. Write the equations of the line through (1,-2,3) parallel to the line through (-1,5,2) 
and (39-453 ® 


6. Write the equations of the line through (-1,5,2) and perpendicular to the lines: 


tpiReat eho bse MM 024.084.8622. 
3 —= -1 2 -3 _ + 


7. Show that the lines x-7_-y*9-2-11 and x-1l1_y+5.2+6 are 
2 -2 ~ =] y 
non-skew and find their point of intersection, Verify that they are perpendicular, 
8, Show that (2,-3,1), (5,4,-4) and (8,11,-9) are collinear, 
9. Find the parametric form of the liney+z2=02x-y, 


10, Find _the equations of the line orthogonal to the pair of lines List * tL5,0,7] 
and [0,0,8] + t|-4,2,1] passing through their point of intersection, 


CHAPTER 8 - THE PLANE IN 3-SPACE 
48, THE EQUATION OF THE PLANE 


Just as there were 2 unique conditions for determining a straight line in space, 
there are 4 unique conditions for determining a plane in 3-space. (1) 3 non-collinear 
points (2) 2 non-skew intersecting lines (3) 2 parallel lines (4) a line and a point 
not on the line. Each of these types will be dealt with below by concrete examples, 


EXAMPLE 1: Find the equation of the plane through the points (-1,2,5), (-3,-1,2) and 
(3,-3,0). (3 non-collinear points), 


First, we illustrate the situation: 


2-3, 43, 
(-1, Jats 4 7 


[4,-5,-s] 


We then form vectors between the points as shown, Thus we have 2 vectors | -2,-3,-3] 
and [4,-5,-5]. Next, we take a universal instance. (x,y,z) on the plane and form another 
vector with one of the points, say [x-3,y+3,z]. We know that these three vootera are 
coplanar and hence the triple product must be zero, Accordingly, 
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2 4 x-3 
“3-5 y +3/ = 0, Thus -2[-52 + 5(y + 3)] + 3[42 + 5(x - 3)] - 3LM(y + 3) 5(x - 3)] 
“3-5 Z =~ Yr= B43 = 0. 
EXAMPLE 23 reetipas a ete poeta meri vile oe aa 

2 -1 2 


illustrate the Stent 


tne ee 
wd 


ie eal anit tx 


We recall that the direction numbers are the components of a vector lying along 
the line so that we have two vectors in the plane immediately. For our third vector, 
we merely take a universal instance (x,y,z) and form a vector with the point of 
intersection (-1,1,-3) which is common to both lines, Then we form the triple product 
as in example 1 and we have: 
2 2 «#2 
“1 3) y-1}-= °263(2 + 3) <6(y - 1)] + 1[a(2 + 3) - 6(x + 1)] +2a(y - 1) - 3(x +1)], 
2 6 2+3 which reduces to 3x + 2y - 22 -5 =0,> 

LE 3: Find the Pe poigeie of the plane determined by the parallel lines: 


£22 = = 2= — and xt1le.y-le-ztil-. 
ae: aad a a 2 ee Ses 


Again, we make a sromene °° pt i the situations 
s ' 


on. ~ 


1,1,-1) 


(3,-3.4) t(3,-3,-'J 


In this case we have 1 vector and 2 points, but we can find 2 other vectors - one 

from the two points given in the equations of the straight lines and one from the 
universal instance (x,y,z) and another point, Therefore we have, 

3 3 xt1 

2-3) y= 1) = 3[-3(2 +1) - Hy - 1)] + 2[3(2 1) - M(x + 1)) -13(y - 1) + 3(x + 1)], 
“1 4 a1 which reduces to llx + l5y + 32 -1= 0. 


EXAMPLE 43 (a line and a point not on the “ae e Find the equation of the plane , 
determined by the line x-2- y+ Z = and the point (-2,1,-3). 
co ae 


2 


Again we form three vectors 


(-a, ',-3) 


[uray 1,4 ed and find the scalar triple 


product and we have: 


x*+2 4 3 
y-1 -3 <2] = (x + 2)(15) - (y - 1)(-22) * (2 + 3)(1) = 15x 4+22y +2 + 11-0, 
z*3 6 -1 

From the above we seem to be safe in concluding that the general form of the 
equation of the plane in 3-space is Ax + By + Cz +D= 0 which indeed can be shown to 
be true, This, of course, is analgous to the linear form of the straight line in 
2-space, We are now interested in a peculiar property of the equation when it is 
presented in this form. To see what this property is, let us suppose that we have 
the following situation: 


Weenie 


We have a vector of some magnitude 


perpendicular to a plane through a 

point (x1,¥1.z1), and we wish to find 

the equation of the plane, (This could 

ell haw Oh Bat : 
also be considered a way of defining 

a unique plane), 

To do this, we immediately see that the dot product of the 2 vectors shown in the 

above drawing must be zero, ices, [X - X19Y - Yz92 — 21] * tLA,B,C] = 0. But this is 

the same as, Ax + By + Cz - (Ax, + By] * Cz1) = 0, ise. Ax + By * Cz + D = O where D 

4s a constant, This is the general form of the equation of the plane in 3-spaces Thus, 

our peculiar property becomes the fact that the coefficients of x,y and z form a 

vector which is always perpendicular to the plane; 

EXAMPLE 5: Find a unit vector perpendicular to the plane 6x + 6y - 172 - 21 = 0, 

A vector perpendicular to the plane must be [6,6,-17 ] by the above discussion, Hence, 

a unit vector to the plane would be [6,6,-17] or [6/19,6/19,-17/19]. Another could 


be [-6/19,-6/19,17/19 ]. af 
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The above property gives us tremendous prowess to render otherwise difficult 
problems quite simple ofttimes, 
49, PLANES AND LINES 

Recall that in the previous chapter we deferred the discussion of the 2nd unique 
condition that determines a straight line-namely the intersection of 2 planes, We 


are now in a position to deal with this situation efficaciously. Consider the follow- 
[4.,8,.¢2] (4s, 1,63], 


ing figure: a 


A,x+ Buys Cry td, =O 


A.x+ Baye 27 +D,20 


We wish to determine how to derive the equation of the line of intersection of the 
two planes, If we consider for a moment that [A,,By,C] and Lao» Bo, Co] are both 
normal vectors(perpendicular vectors) to each plane and we also consider that we 
would like to find a vector orthogonal to both these vectors(since this vector would 
lie along the line of intersection), we can see after a little reflection that this 
vector X has to be the cross-product of [A;,B,,C,] and [Ap»Bo,Co]. Then to find the 
equation of the line, we may choose any point satisfying both equations of the plane 
and thus find the equation of the line. 


EXAMPLE 6: Find the equation of the line determined by the planes x +t 2y - 2-30 
and 2x - 5y + 3z *3 = 0. 


First, we find the orthogonal vectors to the plane. These are given by [1,2,-1] and 
[25-553] Then we find the cross-product of these two vectors which gives us a vector 


lying along the line of intersection, 


i 1 2 Next, find any point satisfying both of the plane 
j 2 -5)=[1,-5,-9] equations, This is done by letting z = 0, say. 
k -l1 3 Then x + 2y - 3 = 0 and 2x = 5y + 3 = 0. Hence, 


x = 1, y = 1 and therefore our straight line equation becomes [1,1,0] + tL1,-5,-9] 


or in cartesian forms x -l1.y-1_2Z-. 


fate 


There are a host of examples utilizing the properties of the plane and the rine. 9. 4 


ee 


One of the most frequent type is the following: . ie 


EXAMPLE 7: Find the point where the line x - 1 y= 3 _ 2-2 intersects the plane 
2x = 5y +2-16=0, 2 4 3 


Now x = 2t + 7 


[1.43,2]+ t [2,-4.3] 


y = -4t +3 from the line equation, 
Z2=3t+2 
and (x,y,z) must satisfy the equation of the 
plane. Hence, 2(2t + 1) -5(-4t * 3) + (3t + 2) 
- 16 = 0, Thus, 4t + 2 + 20t ee y5+ 3t + 2 


- 16 = 0. Therefore, t = 1, and we find that 

(x»y9z) = (3,-1,5) from the relations above, 
Other examples are shown below, but you will notice that they all utilize the 

basic intrinsic properties of the vector, 

EXAMPLE 83 Find the equation of the plane through (1,5,-3) orthogonal to [1,-1,2]. 


Ci,-1,2] Since [1,-1,2] is perpendicular to the 


plane, it must therefore be perpendicular 
cara y, to every vector lying in the plane, Hence, 
; [x = lyy - 552 + 3] * [1,-1,2] = 0. Thus 
the equation is x = y + 2z +10=0, 


EXAMPLE 9: Find the equation of the_plane containing the points (1,-1,3), (3,-1,2) 
and parallel to [=1,-1,2]. 


SET Since the plane is parallel to [-1,-1,2], 


this is the same as saying [-1,-1,2] is in 
the plane; Hence,/-l 2 x= 3 
“1 O y*#1;=#0. 
2-H 24-2 
Accordingly, x + 3y + 22 -4=0, 
Another methods Since the vector orthogonal to the plane has to be orthogonal to 
the vectors lying in the plane, then [A,B,C] =(2,0,-1] x [-1,-1,2] = [-1,-3,-2]. 
Therefore, the equation would be: -x - 3y - 22 * D = 0, Now (1,-1,3) has to satisfy 


this equation(since it lies in the plane) and so -1 + 3 -2(3) + D= 0. Thus, D=4 


and we have, x + 3y + 22 - 4 = 0 as found by method ls 


EXAMPLE 10: Find a non-zero vector parallel to the plane 2x + y - 2 * 3 = O and 
orthogonal to [-1,5,3]. 


The required vector must be simultaneously | 
perpendicular to the vector perpendicular 
to the given plane and to [-1,5,3]. Hence 


it is equal to the cross-product of the 


vectors [-1,5,3] and [2,1,-1] = [-8,5,-11]. 


EXAMPLE 11: Find ay hee ae of the angle between the planes 7x - z +1 = 0 and 
x*tye = Ve 


The required angle will be the same as the angle between the normal vectors to the 
plane, Hence, cos® = [70,1] ° [11,0] 7 ‘ 


202 i 


EXERCISES(23): 


1. Find the equation of the planes through the following points: 


a) \= snl), (4,- ) eZ ee “Lgis V/s ot, Wy-253)5 
ERA RSUCUNCE MS OMIC HEISE OM CIEL MICHA SHRCIEN SM 


2, Find the equation of the plane: fa through the point eee and parallel to 
the plane 3x - 2y + 52 - 3 = 0. (b) through the point (-2,3,4) and parallel to 
the plane 3x - 22 +4=0, 

3. Find the equation of the plane: 


(a) Through the point (1,2,3) and perpendicular to the line x-1_y+2_2-2 


3 =2 
b " i) " 2y-1,4) & " o oo” " y=1;x=0, 
c . * . -1,-25-2) & 2 " each of the planes: 
2x -y + 32-520 = 5x = 2y + 32 - 6, 
(d) ” “ " (34-251) & . "each of the planes: 
2x+3y-z2+4=0 = 4x + by - 22 - 7, 
(e) . " * . & parallel to each of the planes in (d) above, 


4, Find the equation of the planes 


(a) through the points (1,-2)-2), (-3,1,-4) and perpendicular to 3x - 2y+2-5 = 0. 
(pb). 9 wm  — (415295)9 (3929-1) " . " 5x + By - 2243 = 0. 


5. Find the acute angle between the following pairs of planes: 


(a) 2x+3y-2¢4e202x-y-2z-4, 
b) 2x + 3y -2+4=0 = 4x + 6y - 22 - 11. 
c) 2x-y*t2-7202=x+*+y + 22-11. 
d)x* 2y - 224520 = 6x = 5y + 302 - 4 


6, Find the point or points of intersection(if any) of the planes: 


(a) 2x - 3y + 52 -6 = 4x -3y +2244 = 3x + 2y - 324520. 
b) 3x-2y-z2-4ex-2y -22+3202x-2y + 22-4, 
ce) 2x -3y*#2-52x-3y t4z-6 =x + 3y = 102 +8 = 0, 
: ax=-y+3ee4ax+ 2y + 52-65 7x -yt W4z -3=0. 


e) 2x-y + 32+4 =x + 2y + 52 - 623x-y+t4z-220, 


7, (a) Find the equation of the plane passing through the intersection of the planes 90 
x*2y-z2%*3= 0 = 2x -yra - 4yand the point (1,2,3). 


(b) Find the equation of the plane passing through the intersection of the planes 
2x + 2y + 32 -4= 0 = 5x = 2y = 22 = 3 and the point (3,-2,1), 


8, Find the equation of the bisectors of the angles between the planes: 
2x -y - 22 -6= 0 = 3x + 2y - 62 ~ 12, 


9. Find the point where the following lines pierce the following planes: 


(a)x=-2 -y+2 2-13 5x - 2+ 32-1620, 


“2 
(o)x-2 _ yel_za-d; 4x + Sy - 22-520. 
=2 1 
(c)x+2 y-1_ 2-1; 2x+ 2y¥-24+3=0, 
eet a ae 


(d4)x+2 yrli 2-3; 4x-y+2-7=0. 
2 2 1 


10, Write the equations of the line in parametric and cartesian form whose equations are: 


(a) 2x - 3y + 52 - 10 = 0 = 6x + 2y - 52 - 8, 
te Sx - 2y +220 = 4x - 3y +22 +7. 

e)y+zuzaz207x-y,. 
(a) 7x -z2+1l20=2=x+tye-l, 


ll. (a) Find the equations for the line through (1,2,3) orthogonal to the line, 
x-1_2-y¥+1_.2-2 and parallel to the plane 5x - 2y + 3z -6=0, 
2 5 =3 
(b) Find the equations for the line through (-1,0,2) orthogonal to the line, 
x* 1. Y¥+ 23 2 = 1 and parallel to the plane 3x - 2y + 52-3 = 0, 


12. Find the equations for the line through (1,-2,-2) which is orthogonal to x-3y+2z-10=0, 
" " " " ‘t " " (=1,0,0) “ " " " 2x-y+8z-5=0. 


13. (a) Find the equations of the line through (-2,3,-1) and perpendicular to the 
plane determined by the lines x-1.yYy%*22.2=-3;x-l1_yt2.2-3- 
3 2 ~1 “2 2 


(b) Find the equations of the line through (1,2,3) and perpendicular to the 
plane determined by the lines x - 1 ee ib 2227 3: x-1l_ y-2 ae 3. 
2 3 -1 ~ 22 2 
Where does this line intersect the plane? 


(c) Find the equations of the line through (-1,0,-1) and perpendicular to the 
plane determined by the lines x-1-y-2 ~24+ 33 xt1le-y-2—~2- 3. 
oe go ee a ee re 


(a4) Find the equations of the line through (1,2,3) and perpendicular to the 
plane determined by the points (0,1,2), (-1,-2,1), (35-251). 


14, Find the acute angle between the following lines and planes: 


(a)x- 5 ¥*+3.2-13 3x + Sy - 62-770. 
x3 14 z+ 


(>) x=22yY=-5) 2243 5x - By - 22 -8=0, 
3 2 


15. (a) Find the equation of the line through (5,-2,3) orthogonal to the line 
[1,23] + t[-1,-1,2] and parallel to the plane x - 2% = 5, 
(b) At what oint, does the line x-1_y-1.2-- 5 cut the sphere 
(x-6 )*+ tyes 2 go = ho? 2 -3 i 


CHAPTER 9 = DISTANCE FORMULAS IN 2-SPACE & 3-SPACE $I 

50. DISTANCE FROM A POINT TO A LINE IN 2-SPACE AND 3-SPACE 

When there is any ambiguity regarding the distance from one curve to another, 
unless otherwise specified, we always think of the perpendicular or shortest distance, 
4,e, that distance which will be a unique distance, In 2=space, of course, we mean 
the perpendicular distance from a point to a line, To obtain the required formula, 
we consider the following(which applies to 3-space as well!): 
P (a,b) 8 = |1,m] in 2-space 


= [1,m,yn] in 3-space 


Now s = sin@, Thus, d = |AP[sind; 
But a \tB| = \tB{|AP(sino, therefore, 


AW) ieee £6 dat \B\= + |AP x BI. Hence|d = Ap xl. 


EXAMPLE 1: Find the distance from (1,2) to the line 2x - 3y + 6=0. 

The vector form of 2x - 3y + 6 = 0 is [-3,0] + t[3,2]. Therefore, we have, 
_—_ 

AP = (-3,0) - (1,2) = [-4,-2] = — 1]; F= [3,2]. thus, 


o> (-efantx Cell is \" eee = 2. 
3 


Some mathematicians might consider it "bad form" to use the cross-product in 2-space 
but it's convenient and what's more important is that it works, 


EXAMPLE 2: Find the distance from (1,2,3) to the line x + 1 _ -is a ee 30 
a 


AP = (-1,2,-3) - (1,253) = [-2,0.-6] = -2[1,0,3]s B = [3,-2.4]. 


d = \-2[1,0,3] us [3»-2,4] . \-2[6,59-2] = 2165 which approximately = 3. 
2 V25 


51. DISTANCE BETWEEN TWO _NON-SKEW PARALLEL LINES IN 2-SPACE OR 3-SPACK. 


Using a similar technique to the derivation in 50.,above, we may readily obtain 
the formula for the distance between 2 non-skew parallel lines Ay + sBy, and Ap + tBy. 
(Note that since the lines are parallel, they must have the same vector contained in 


them), Consider the figure belows 


a 


Here we take the vector AyApand "move" 
it so that its terminal point(or initial 
point, as the case may be) coincides with 
the end of one perpendicular. Then we nerely 


apply the formula above to obtain: 


EXAMPLE 3: Find the distance between x - 2y + 4 = 0 and 2x - 4y -5=0, 
The parametric equation of I, is [4,0] + s(2,1], and of Ly is [5/2,0] + +[2,1]. 
> 
AyAp = [13/240]; By = [291]. Thus, a = |[13/2,0] x [2,1]| = if = 2,9 approximately. 


EXAMPLE 4: Find the distance between the lines: x - 1 wv : 2-2-3 &x : x*+2_ ¥Y=322 
a 


Ayko = (1s-253) - (-24340) = [3s-553] and By = [3,-5.4], 
Therefore, d = |(3»-5.3] x [3>-54]| eezeaa 21 o}| 7 a ai: 
[[3,-5.—4] | 3-547 ss ce 


52. DISTANCE BETWEEN SKEW LINES IN 3-SPACE 


The distance that is required is, of course, the shortest distance between the 
skew lines and a little reflection will show that the vector lying along this distance 
must be mutually perpendicular to both lines, As a matter of fact, one can formally 
prove that such a perpendicular always exists and this immediately suggests a cross- 
product. The geometric situation looks something like this: 


> -> 
Since a is perpendicular to By and Bo, then 
aad > > 
d = k(B, x Bo) where k is some scalar. Now 


Project AjAp on d which will equal d. We have, 
a 
[ak - qd. > 2, Thus, [AjAo* a] = \a\?, 


Substituting for a and | \@\, we haves 


i \By x B\| d\ = AyAo . k(By x Be). Therefore, 


XAMPLE 5: Find the shortest distance between the lines: x = 2 Py ee: 2. 8- 6 and 


3 
xt+1_-y=-3z2-1 
y ~ 2 me aie | 
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The parametric forms of the above lines I, and L, ares 
Ly = 25-356] + t(3,4,-2]; L, = [-1,3,1] * t[4,-2,1]. Hence, Ayko = (3,-6,5] and 


B =1|0 e Th f d= -6 Ld > 
1 x By = [0,1,2]. Therefore, [30-655] + [0.12] = ica = 1,78 approximately, 


Note that since any scalar t' multiplied by By x Bo will cancel out, we need not carry 
along large numbers and therefore we reduce the arithmetical tedium, 
53» DISTANCE BETWEEN A POINT AND A PLANE IN 3-SPACE 

The formula here derived is somewhat analgous to the classical plane analytic 
geometry formula giving the distance from a point to a line, The derivation is quite 
elementary. Consider the figure below: 
fa,8%) We have [a - e,d - f, c - g] = t[A,B,C] and 
y= t[a,6.c] a =|\¢{[a,3,c]]. Thus, d* = t2(a2 + Be + C2), 
which gives d = Jaz + Be + C2 and therefore, 
t= a/Ja2 + Be + C2, Nowe =a = tA; f = b = tB; 


g = c = tCs but Ae + BF + Cg + D = O and thus, 


A(a = tA) + B(b - tB) + C(c - tC) + D=0, icen, 


Aa + Bb + Co + D = t(A® + Be + 0%) = a(A2 + Be + C2) 


* iy AS + + 
d= Aa + Bb + Cc + D, 
VAZ + Be + 74 


EXAMPLE 6: Find the distance from the point (1,2,3) to the plane 5x - 3y +t 72 +4 = 0, 


and thus, 


Here, (a,b,c) = (1,2,3) and a simple substitution in the formula yields: 


5(1) - ae +713) = 5 a 2.63 approximately. 


54. ANOTHER METHOD FOR DISTANCE DETERMINATION 


Although the formulas above are convenient, one does not need to use them nec- 
essarily as long as the method of projection is familiar, For example, we can find 
the distance from a point to a line in 2-space or 3=space just as well by means of 
the projection formula. However, the distance formulas mitigate lengthy calculations 
and are the preferred method, 

EXAMPLE 1: Find the distance from the point (1,2,3) to the line xa 2 us 2 ™ z+, 


(12,3) | First, vector project [2,0,6] on t|3,-2,4] 94 
to obtain a value for t, i.e., proj [2,0,6]/t[3,-2,4 


= ([210,6] * [3-254] 3-254] [3,-2.4]. 
t“. 29 
Cancelling and performing the indicated operations, 


o—| 


— we have, 30/29t = 1 and thus, t = 30/29. 

Now d = 30/29[3,-2,4] = [2,0,6] = 1/29[32,-60,-54] 

= 2/29[16,-30,27]. Therefore |d|= 2/29)1885 

= 2(65/[29 as in example 2, article 50. 

EXAMPLE 2:Find the distance between the skew lines [2,-3,6] + t13,4,-2] & [-1,3,1] +t[4,-2,] 


(- 2-3) 
t [3-2,4] 


The method of solution is best illustrated by the following: 


[a-a, er3,f- 4 


(A, et) 


From the geometry of the situation, we 


spear 
(a-3.% 


have the following relations: 
[a = 2,e + 3,f - 6] = | 3,4, -2], 


La-a2, “fe a i. La +1,bd-3,c-1]= t[4,-2,1]. 
i Thus, d = 3s + 2; e = 4s - 3;f = 28 + 6, 
[avi,e-3) ‘f- a,b,c efe,-a,1) 
————— ' and a=4t-1; b= -2t+3;c=2t+1, 


fart, b-3,c-1] Now we project [a = 2, b + 3, c - 6] on 

s[ 3545-2 | and [a * l,e * 3,f-1] on 
t[4,-2,1]to obtain values for s and t. We therefore have: 
[a = 2,b + 3,c - 6] = [Mt - 3,-2t + 6,t = 5]; [A + lore - 3,f - 1] = [38 + 3,48 - 6,428 + 5]. 
Projection 1: Wt = 3,-2t + Set = 5] * | 3,4,-2 = 1, Thus, 29s = 2t + 25, 


his = be e | 4,-2,1 
Projection 21 [3s + 3,45 - 65-25 + 5] + [Ms-2o1] _ 1, Thus, 21t = 2s + 29, 


Zit 
Solving for s and t, we obtain, s = .9636; t = 1.427, Now d=[a-4d,b-e,c - f] 
= [Mt = 35 = 3,-2t - 4s + 6,t + 28 - 5] = [0,-.8,-1.6] and d= 0% + .64 + 2,56 
= 1,78 as before in example 5, article 52. 
Note that this method not only yields the distance but also the unique points on 
the lines (a,b,c) and (d,eyf); (aybyc) = (4.8909,.0545,2.4727) = (269/55,6/110,136/55). 
(dye,f) = (448909,.8545,4.0727) = (269/55 447/55,224/55)s 
55 SUMMARY OF DISTANCE FORMULAS 


Presented below are all of the distance formulas presented so far, The student 


should be able to recall and use these formulas when necessary. They apply to both 


2 and 3-space as shown. 


=~SPACE 

yo aay “y 
Distance between 2 Vea - xp)? + (y1- y2)° Gass x5) + (yy - Yo)" + (24 - Zp) 
points, 
Distance between a AP x B Ze lAy, + Bu, +c| [AP x B| 
point and a line, B a aed B 
Distance between 
non-skew parallel (Ay Ao x | 
lines, B 


|Azaz * By x Bol 
By x Bo 


Aa + Bb + Cc + p| 
AX + Be + C 


Distance between 
skew lines, 


Distance between 
point (a,b,c) and 
plane Ax+By+Cz+D=0. 


EXERCISES(24)s 


1. Find the distance between the given points and the given lines: 


(a) (-1,2,-3) and x2 a a - 2-3} (b) (2,-1) and 2x -1_ y} (c) (5.-3) and 


Xt 2. +13 (A) (5p-25-1) &X-2 2. y-1, 2213 (e) (-2,1,3) & 2x + By - 52 - 5 = 0, 
~2 3 3 2 
and 3x = 2y + 5z-12: 0. 


2. Find the distance between the following lines: 


(a)xelioy-lL_z-lLé@x-l_ yl. 2--i(b)x-1.y-1_ 2-1 and 
a ae a a oS 


= 3 re 


x+2_¥+3 2435 (c)x-1_y+2 andx-2_y-2; (4)x+1loy+1lw2-2 
alt -8 3 ay 6 -=8 2 ~2 2 


and [3,4,-1] + +[1,-1,1]; (e)x-1_ yei_ z= and x +1 a = 255 
2 -2 ae: 
3. Find the distance between the points and planes listed: 
(a) (-1,2,-3) and x * y - 52 ~6 = 03 (b) (253,4) & 2x + Sy - 72 +4 = 03 (c) (5,0,0) & 
x = 2; (da) origin & 5x - 6y + 72 + 8 = 03 (e) (5,4,-3) and 2x - 3y + 72 - 6 = 0. 
4, In problem 3 above, find the points that are closest to the given point in the plane. 
5. (a) What is the equation of the sphere with center (-4,-1,-2) tangent to the plane 
2x - 2y +z + 26 = 0? 
(b) What is the equation of the sphere with center (2,5,-8) tangent to the plane 
3x = 7y - 82 - 157 = 07 
6, (a) Find the equation of the sphere whose center is (1,2,3) and which passes through 


(b) ange equation of the plane through (3,-4,-6) which is tangent to the sphere in 
a) above, 


7. Find a perimeter of the triangle determined by the vectors [8,1,-4], |-2,36] 
and 9492 Ie 


&, Pind the perpendicular distance between the planes: 


(a) 2x + 5y - 142 + 20 = O and 2x + 5y - l4z + 25 = 0. 
(>) 4x - 3y + 122 + 29 = 0 and 4x - By + l2z - 10=0, 


9, Find the locus of a point whose distance from the plane x + 2y ~- 2z = 12 is always 
thrice the distance from 4x - y + 82 - 7 = 0. 


10. Determine whether the following lines are coplanar: 


(a)x-2 yrl_ gelondx+i yri_2-3, 
a) =; mae ee 1 2 3 


(bo) x*¥3 YB ee 5 amdx+2 Yr5_ 242. 
1 -1 -3 1 1 1 


CHAPTER 10 - ORTHONORMAL BASES AND RECIPROCAL SETS OF VECTORS 
56. ORTHONORMAL SETS OF VECTORS 

Recall that n linear independent vectors spanned n-space and that if vectors 
were linearly independent, then 1 vector could always be expressed in terms of the 
others, Recall also that if there were n + 1 vectors in n-space they were always L.D, 
For example, 3 vectors would have to be L.D. in 2-space, 4, vectors would have to be 
LeD. in 3-space and so on, The simplest examples of this concept was our tacit use 
of the vectors 1,j,k in 2 and 3-space and the fact that we can always express any 
vector in terms of these special unit vectors along the axes. 

The question naturally arises now as to whether we can use any set of L.I. 
vectors as a means of expressing any other vector in a particular space, The answer 
is that we can-as long as the vectors we define are L.I, Thus, we need not have the 
vectors orthogonal or the magnitudes unity; This means that we nead not have vectors 
expressed in terms of i,j,k and further, we can have an oblique system of coordinates 
which might prove useful in certain instances but whose use would make the dot and 
cross-products very unwieldy due to the introduction of cross-product terms that 
normally become zero when the coordinate system is rectangular, 

We have seen how to express a vector D in 3-space as a linear combination of A, 


B,C, for example, by the use of the techniques developed in the chapter on the solu- 


tion of simultaneous equations(linear equations). There is another formula which also 


96 


can be derived to yield the same result-i.e,., to express D in terms of any three 


LeIe vectors A,B,C, The formula is: 


D = on x pA . facc x DIB, {Ack x Dye 
BX *Bx C AeBx CG 
EXAMPLE 1: Show that AL1,-1,2]; 2(3,0,-1]; Cl2,-2,3] are L.I. and express -5,4,2] 
as a linear combination of them, 


at 


Method 1: First we establish that A,B,C are L,I. Now, |1 -1 2 
3 0 -1/= -3 #0. Hence the 
2 2 3} vectors are L.I,. 
The coefficient matrix is:}/1 3 2 = 1 3 #2 5 1 0 2 + 
Krk Ri +h 2k, +h 
“1 0 -2 4ifXJO 3. O H-1I-\/10 3.~«OO 2 
26, +8, UR+k 
21 3 2 0 -7 -1 12 0 O =1 29/3 


1 0 0 46/3{ Therefore we have, x + 46/3w = 03 3y - w= 03 -z + 29n/3 = 0 
0 3 O «1 | Let w= -1, then x = 46/3, y = -1/3, 2 = -29/3 

0 0 -1 29/3 

Method 21: The coefficient of A is (B*C x D) = 


The coefficient of Bis -AeC x D =j1 2 <5 


2 2 


The coefficient of Cis A*B xD =]1 3 =5 
=3 
-1 0 4] = 29/-3 = -29/3 


2-1 2 
= 


These values agree with the above: Therefore, D = 46/3 A - 1/3 B - 29/3 C. 

Most of the time we are interested in mutually perpendicular sets of vectors 
whose magnitudes are unity, These types of L.I. sets of vectors are called orthonormal 
sets and it can be shown that if we adopt a right-handed coordinate system, the dot and 
cross-products will not change form when we change coordinate systems even though 
we may use different orthonormal sets; i.e., vectors are invariant under translation 


and rotation and the dot and cross-products are preserved as well, 


57. Q-N SETS FOR ANY TWO VECTORS A, B IN 3-SPACE 96 
Recall that by a right-handed system, we mean a consistently counter-clockwise 
system starting with the lst coordinate axis as illustrated: 
We would like our O-N set to be oriented in 


this fashion, 


The easiest way to proceed is to take the first vector A and normalize it - i.e. 
make a unit vector out of it, Therefor = A/| Ab Thus, we might have a situation 
that looks like that below where the vectors are oriented as shown: 


Another vector orthogonal to A and B, would, 


Ax6 of course, be A x B and we could make it a unit 


vector by dividing by its magnitude, Thus, Up = 
As 
A. xB, but we wish up to be in the plane deter- 
A x B| 

Wea by A and B, so that we really have found 


U36 To obtain up, we just need a vector mutually 
orthogonal to u, and Ug - namely, the cross-product, but we must be careful to insure 
that we preserve our right-handed coordinate system. If we observe the first figure 
above, we realize that to obtain uy in the correct orientation, we must find Uz X Uye 


Therefore, we have, u, = A/\Ab uz = _A x B, Up = Ug X Uye 
3 ax 3} 3 1 


EXAMPLE 1: Construct a right-handed set of o-n vectors from [4,-3,-12] and [2,0,-1]. 
Let uz = [4,-3,-12]/13; uy = [4,-3,-12] x [2,0,-1] _ [3,-20,6] 


[4,-3,-12] x [2,0,-1] Vis ‘ 


= [258,60,71 | 
1BV445 


58. GRAM-SCHMIDT ORTHOGONALIZATION PROCESS 

By the above we can see that given any two vectors we may construct an o-n set 
out of the given vectors. The next question which naturally arises is this. Can we 
construct an O-N set of n vectors in n-space to accomodate an(n + 1)th vector? i.e. 


can we, for example, construct an O-N set from two vectors in 2-space, from 3 vectors 


in 3-space etc,? The answer is yes and the technique is called the Gram-Sehmidt 


orthogonalization process, First, however, we might list general theorems regarding 
L.D and L.I.(without proofs) to justify and provide insight into the techniques 


used subsequently, 

Theorem 1: If a set of vectors contains the null vector, then the set is L.D. 
Theorem 2: If a set of vectors contains 2 identical vectors, the set is L.D,. 
Theorem 3: If a set of vectors is L.I., then any non-empty subset of the set is L.I. 


fre, 
t 


When we are able to express every vector in n-space in taede of n other eS 
vectors, we call the collection of L,I, vectors generators of the space, i.e. a 
set of vectors Ay, Ans eecese A, is called a set of generators if and only if every 
vector B = Xz Ay + XpAn + evccecee X Ans where x, is a scalar, Thus, 


Theorem 4 If Az» Ads eeceee An is a set of generators and B is any vector, then the 
set ByAy»Aos ecoee An is LD. 


Theorem 5 Any 4 vectors are L.D. in 3-space and if 3 of them are L.I., they are a 
set of generators, 


Theorem §: Tf ArsAzeAs are L.I., then there always exists an O-N set Uy stg 9U5 such 

1 isa scalar multiple of Aj, ug is a linear combination of A, and 

and Ap and u3 is a linear combination of A,,A2_ AZ. 
Theorem 6 justifies the technique now unfolded - naméy the G-S process cited above, 

We proceed somewhat as before while referring to the illustrations, 
First, we unitize the vector in the A, 
direction, Thus, u, = Ay/| Ay\ « Next, we 
construct a vector V2 in the plane of u, 
and Ap such that Vo is perpendicular to 


uy and guchiithat’s magnitude will be oh) @ i 


ee 


" d t 
V2 = Ap + tuy.(We may do this because 


Uz»Ag9V> are LD. and therefore V5 may be 


expressed in terms of Ap and u,), But since 
Vp 1s perpendicular to uy, then V2*u, = 03 i.es, Vo"uy = (Ap + tuz)*uy = 0. Therefore, 
Ap*uy, + t(uzeu,) = 0. This means that t = -Aj*uy. Therefore, Vo = Ap -(Ag*ujpb,To ob- 
tain ug, we normalize V2. Thus, us = V2/\v2|° 

We now have uj, and ug and we may get u3 by finding U, X Ug or we may proceed 


in like manner as before, Consider the following illustration: 

Now let V3 be perpendicular to uy and V5 

and therefore to u; and uz. Thus, Uy py 

and V3 are L.Ie, but Uz 929 V3,A3 are L.D. 
(since they span 3-space), Thus, theré:exists 
‘an s,tsuch that W, = Ag + su, + tug by 
construction, But V3°u, = V2*u, = 0(since 


they are mutually perpendicular), Therefore, 


AgeUy +s = 0; Ag*ug + t= 0, Thus,we have, 

V3 = Ag - (ty0A3)¥z - (ugeA3)ug and we 
unitize V3 to obtain u3 = ¥3/\ ¥3|« The nice thing about the G-S process is that it 

may be extended to n-space, In 2-space we haves uy = Ay/\Aq|+ V2 = Ap = (uy*Ag)uz. 

In 3-space we haves uj, = Ay/| Aq] 3 V2 = Ag - (uyeAg)urzs V3 = Ag = (uzeAz)uy - (ugeA3)ug. 

In nespace, we have by induction: uz as above; Vo as above; V3 as above and 

Vn = An = (tzeAn)uz - (uz*An Ug - eocceeeeeee — (Upz%An ny Where uy = Vs/\V4\, 1 =25300 
Note, however, that this derivation does not guarantee a right-handed system - only 

an O=-N base! 


~ 


EXAMPLE 1: Construct a right-handed 0-N set from the vectors [4,-3,-12], [2,0,-1]»[-3,291 
uy = [45-3,-12]/13. Vo = [2,0,-1] - {[4,-3,-12] *[2,0,-1]|[4,-3,-12] : 

13 13 
Thus, V> = [2,0,-1] - 20/13°[4,-3,-12] = [258,60,71] and uy = [258,60,71] (we may dis- 
169 13445 


regard 169 since we are unitizing anyway: 
V3 = [-3s201] = ( [4s-3s-12] * [-3.2.1])[45-3.-12] - [[258,60,719+[ =392,1]][258960,72 ] 


13 13 1345 13 
= (-35241] + 30[4,-3,-12] + 583 [258,60,71] = [-21801,145340,-43602] 
169 ——«C:é«C HN) RS) 


= [-3,20,-6]7267 and uz = [3,-20,6] for right-handed system! Note that Uz could 
169 (445) (745 
be calculated much more easily from uz and up. That is, uy x Up = [4,-3,-12 |x 258,60,71 | 
13 13,445 
= [507,-3380,1014] = [3,-20,6]. 
~ 169fs 


59. EXPRESSION OF VECTORS IN TERMS OF A GIVEN O-N BASE 


The proof of the following formula is omitted but quite straight-forward. We may 


express any arbitrary vector A = [Aq sApreceeesAn | in n-space for example, in torn OL 


of unit vectors Uys Up, sesesees Uy(a given orthonormal set) by the expression: 


ha 


A= (Aeuy juz > (Asug jug P caccescee * (Arp Une 


EXAMPLE 1: Given the O-N set of examples 1, articles 57 and 58, express [-5,3,2 | 
in terms of this set, 


A = [-5,352] and uy = [49-35-12]s up = [258,60,71]; 43 = [35-20,6] | 
13 | 1395 Nis 


We have, Au, = ~53/133 Aeup = -968/13 405 5 Atu3 = ~63//445, Therefore: 


[=55352] = -53/13, 4-3 ,-12 | a 968 ['258,60,71 | = 63 [3,-20,6 | 
13” TS SSCS 


This result can easily be verified by the student, Note that if the system is not O-N, 
the procedure is much more difficult since algebraic cross-product terms will be 
involved. 


60. RECIPROCAL SETS OF VECTORS 


Sometimes one is interested in finding a reciprocal set of vectors(i.e. a per- 
pendicular set to the given L,I, set used as a basis), This, of course, is unnecessary 
when dealing with O-N bases, since any orthogonal set will be its own reciprocal. 

With oblique systems, however, we may have two sets of mutually perpendicular LI. 


vectors and the formula for these vectors in 3-space is: 


A‘ = BxC . B'= CxA .: c'= AxB where A,B,C are L.I, and form 
AeBx OC? AeB x CG? AeBx C a basis for 3-space. 


EXAMPLE 1: Find a set of vectors reciprocal to the set [253,-1]3 [1,-1,-2]s [-1,2,2]. 


ABxC#{2 1 -l At = [1,-1,-2] x [-1,2,2] = [2,0,1]/3 
a 
3 -1 2)7 33 BY = [~1,2,2] x (2.3-1] = [-8,3-7]/3 
wher, 2 ct = [2,3,-1] : [1,-1,-2] = [-7535-5 1/3 
3 


Here A is perpendicular to B', B perpendicular to C' and C perpendicular to A' as 
can be checked by the dot product, 

EXERCISES(25): Given the vectors AL ~4,3,12]3 BL3,-2,6]; G-6,1,18]. 

1. Express [1,2,3] in terms of A,B,C. 

2. Construct an O-N set out of A,B. 

30 i EE hae 

h, ” eR ON Be 


5e " " " " " " A,B,C. 
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6, Construct a reciprocal set out of the vectors A,B,C. 

7. Construct an O-N set out of [1,-2,2]3 [2,-2,1]s [2511-2] - 
8, Construct another O-N set out of the above vectors in 7, 

9. Construct still another set of O-N vectors out of the set given in exercise 7, 


10. Express A above in terms of the O-N set found in exercise 7,8 or 9. 
CHAPTER 11 -_ROTATION & TRANSLATION IN 2. & 3-SPACE BY USE OF 
—~VECTORS AND MATRICES 


61. EIGENVECTORS AND EIGENVALUES 


In order to see how matrices will help us in our quest to simplify the general 
equation of the 2nd degree in 2 or 3-space(1,e, removing cross-product terms), we 
must recall the formulas for rotation in 2-space, They were: 

x = x'cos@ - y'sinds; y = x'sin® + y'cos®, Since these are linear equations, we may 
put these in matrix form to gives |x cos@ -sine [x 

y ‘ sin@ cos® ly 
Any quadratic form may be put into matrix notation, for example, Ax? + 2Bxy + Cy? = 


[x y]{a Bl]lx] . Now there are some interesting things to notice about this form, 


B Cily{ First, [x, y] is the transpose of |x! and second, ‘A Blisa 


y B C 
symmetric matrix, Again, in 3-space, the quadratic form: 


Ax? # 2Bxy + Cy2 + 2Dxe + 2Byz + Fy? =[x y z]fa 8B d]lx 


B CG Eiy 
D E Fifa 
and we see that [x y z| =f x ana A BD] is symmetric as in the case of 2-space, 
| y B Cc 8B 
[2 2 D E£ F 


Now let us call the unprimed system of coordinates the X system and the primed 
system of coordinates the Y system for the moment, Then 4f we were to call the rota- 
tion matrix eos@ -sind 

= P, we would have a vector equation which would say that 
isin@ cos® 


X = PY, Further, if we were to name the coefficient matrix [A Blor A B OD 


BC B Cc & 
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the "A" matrix, our quadratic form in matrix notation would become X'AX(where X 
still represents the unprimed system), But from the relation X = PY, we would have: 
X"AX = (PY)*A(PY) = (Y'P')A(PY) = Y'(P'AP)Y, 
Now if we were to call the matrix found by P'AP our "B" matrix, we can quickly see 
that we have Y'BY, which is another quadratic form - but this time, in the primed 
system, The only thing we want to make sure of is that the B matrix has no cross- 


product terms, i,e. it is a diagonal matrix, In 2-space we might have B = X, 0 |where 


0 A, 


dyand A, are scalars and the coefficients of the x' and y" terms after rotation, i.e. 
\ext? +ry'? = [xt y'] , © |x 

od; y' 

In 2=space we would have the situation depicted below in the illustration: 

We require vectors uj, u,(unit vectors) 
that are invariant under rotation, i.e. we 
want to find vectors whose components are 
[x,y] which are directionally unchanged 
under the transformation since we can al- 


ways unitize a vector of any magnitude, 


Mathematically, we would have: [A Bi! x . x} This is equivalent to the system 
B CHy : yj of equations: 

Ax + By = Ax Ax -\x + By = 0 x(A -\) * By #0 

Bx + Cy = Ay Siaianlads Bx + Cy -dAy = 0 ae re ee 


Now to obtain a non-trivial solution, we recall that the determinant of the coeffic- 
ient matrix must equal zero, This yields Pc + (A- c)\+ (Be - AC) = 0 and we may 
find 2 values of d that satisfy the equation, These values are called eigenvalues or 
characteristic values and the values [x,y] obtained by back substituting into the 


original equations are called eigenvectors or characteristic vectors, These vectors are 


vectors which remain invariant under the particular transformation of coordinates 
and this provides us with information about the equations of rotation and the final 
form of the result after rotation, 


EXAMPLE 1: Find eigenvectors and eigenvalues for the matrix A=/1 2 
3 24 e 


From the above, we have, [1 -r 2 104 
= 0. Thus,-4 - 3\ + x = 0. A= 4-1 


3 2-) 
To obtain the eigenvectors we have the two equations: 
x(1 - 4) + 2y 20 2 
1 solution is (2,3); therefore the eigenvector is 
3x + (2-- 4)y = 0 3 


We write vectors in column form to agree with the above discussion, Also, we have, 


x(1 #1) + 2y =0 -1 


A solution is (1,1); therefore the eigenvector is 
1 


3x + (2 *1)y = 0 
Of course any scalar multiple of these vectors are also eigenvectors, but we choose 
the simplest. 
62. RELATIONSHIP OF EIGENVECTORS AND EIGENVALUES TO ROTATION IN 2 AND 3-SPACE 

As stated above we require a diagonal matrix B whose coefficients are exactly 
those required for the primed system(i.e,after rotation), There are several pertinent 
theorems that allow us to find these coefficients, These are listed below without 
proof: 


Theorem 1: Every real symmetric matrix A is similar to a diagonal matrix B whose 
diagonal elements are the eigenvalues of A. 


Theorem 2: A is similar to B if and only if there is a matrix P where P fO&B= p-lap, 
Theorem 3: Similar matrices have the same eigenvalues, 
Theorem 43; Every real symmetric matrix is similar to a diagonal matrix, 
Theorem 5: If A 4s a real n=-square symmetric matrix with eigenvalues), Neecseanes as 
then there always exists a real eee tae matrix P such that, 
P' Aap = p-lap = diag (ArsAgresessess nic 


Definition: A is orthogonal if and only if AA' =I, 1ee., A’ = Av, 


These theorems and definitions tell us then that the eigenvalues we find will 
be our final coefficients that we needed in our B matrix and that we may obtain 
our equations of rotation from the P matrix which must always exist whenever there 
are eigenvalues, Also, the P matrix is composed of the eigenvectors found. Some 
examples might help to clarify these concepts. 

BXAMPLE 1: Simplify 5x* + 8xy + 5y2 - 9 = 0 by a suitable rotation. 
First we obtain our A matrix: ]5 4]. Then we find eigenvalues: [5 -)\ hi 
45 4 5-) 


Thus 25 - 10 #2 - 16 = 0, i.eo)\2 - 10 +9 = 0, Thus = 1,9. 


0. 
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Since A = 1,9 then our final form must be either x? + 9y* = 9or 9x* + y< = 9, To 
find eigenvectors and our P matrix, we solve: 


hx + by = 0 -1 —ix + 4y = 0 1 
(~ = 


hx + 4y = 0 1 hx - Hy = 0 1 


We form our P matrix keeping in mind the form of the rotation equations with regard 


to the sign, i.e., |* <-|. Thus we have P=j]1 <1 pe Prell 1 
and 
+ + “1 1 
2 2 


Note that we must unitize the vectors and therefore we divide by 2. 


To check, we form P7LAP and perform the indicated operations: 


Cot 


1 | 


Therefore our final form is 9x" = 9 or x x2 * Le ct The equations of rotation 
1 

are taken from the P matrix and we have: x = x' ‘ as =x' * y' , Compare this 
B V2 


result with that of example 1, article 8, 


EXAMPLE 2: Simplify 4x2 + l2xy - y* + 80 by a suitable rotation, 


aw[4 6! Her 6 Thus, -4 - 3h +A? - 36 = 0, thus \* - 3 - 40 = 0 
: and = 0, 
6 at. Le ea ak and A = 8, -5. 
Our final form must be 8x'@ - 5y'@ = =80 or 5x'% - By 2 = 480, The eigenvectors are: 
-ly + 6y = 0 3 9x + 6y = 0 -2 
6x = 9y = 0 2 6x + 4y = 0 3 
Therefore, P=|3 -2 pie i3 2] -Pulap- 
-2 
13 
104 «=~O 8 0 Thus, 8x 
— = 2 
0-6 OF a5 leet a a a 
13 s cig cl 


The equations of rotation ares x = 3x' - 2y' §| y = 2x'_* 3y' . Compare this result 
3 3 


with example 2, article 8, 
EXAMPLE 31 Simplify 5x* + 3y2 + 322 + 2xy - 2xz - 2yz - 6 = 0 by a suitable rotation, 
A=|5 1 -1] and]5-A 1 -1 

1 3 -l1 1 3-A =] = 0, Solving for \, we obtain, 

ee 4 Mo Sk nF = 1r? + 36. - 36 = 0, 
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Using the theory of equations and synthetic division to obtain the roots, we have, 
1-11 + 36 - 36 | 3 Hence, X = 2,3,6 and the final form will be; 


+ 3-24 + 6 
1- 8+12/2 2x2 + 3y2 + 62° = 6 or some variable permutation of this, 


+ 2 = 12 
I- 6 [6 CeBe, Ox” + By* + 22% = 6, In any case, we see immediately 


that the conicoid in question is an ellipsoid. 
Eigenvectors! 
3x +y-220 Oj} 2x%+y-220 1] «+ yo a2=0 2 


x*+y-220 1 x -2z220)j-1 x- 3y - 270 1 


io) 
' 
e 


-x-yrtga=0 1] -x-y = 0 1] o-x- y-322 


The P matrixis:[0 1 2| and Pas; fo 1 1 
i 4ie a os ae | 

es ees a 

“NAO 


Note that we have been “carrying along" the / and this is justified since if we 

actually perform the surd mutltiplication with the P matrix and pol Matrix, we have: 

0 m2 Wells 1 -1i) 0 1w//3 2/6 0 2/J2 2/le\[o 1fv3 2/V6 
Wo -1//3 I/V31 3 -Lia/v2 --1//3 16) = 1343-343 3//3 |] 1/V2 -1//3 1/V6 
o/f6 ve -1/V6ll-1-1 3{[a/v2 13-16} free 6/6 66 |]1/V2 1/3 -1/V6 


2 0 0 If we work with [0 1 1315 1 =-17/0 1 2) 0 2 2 1 2 
=10 3 O integers only, Lo =2 Lil 38 w-Lijl -$12 L213 -3 37. 1 1 
0 0 6 


we haves 2.1 -1j/-1 -1 3y/2 1 -1l!i #=§22 6 -6 1 -1 
Ven WO WPAEN(S BaD 


2 0 0 where the surds are "carried along" as ratios - this 


2#{0 3 O greatly eases the computation, The equations of rota- 


0 0 6 tion ares 


2331 
x= y'//3 + 22'/J6s y = x'"/V2 - y'/V3 + 2'63 2 = x'/2 + y'/V3 - 2'/J6. Substitution 
in the original equation will yield the final result 2x'2 * 3y'2 + 6z'2 = 6, 

63, ROTATION AND TRANSLATION IN 2 AND 3-SPACE BY USE OF MATRICES 

The combined operations of rotation and translation may be accomplished by con- 


sidering the complete 2nd degree equation in 2-space, for example, in matrix form. 


Ax2 * 2Bxy + Cy? + Dx + By = F; ine. [x y] [A 13 [p a 


B CHy y 
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If we let [x x'] then [x y]=[x' y']P' (taking the transpose of both sides), 
i 


y y' 
Substituting, we have, [x' y']P'/A Bi P[x' [D E|P|x' 
+ = F, But this means; 
B C y' y' 
[xt vy] [A O}fx4] [D wlp[ x’ 
+ i 2 FP 


We proceed as before, but it might be mentioned that a combination of partial 
derivatives and matrices is probably more propitious even with the parabola or para- 
boloid since we can always back substitute using the Pvl matrix equations instead of 
the P matrix equations. An example should show the difference, 

EXAMPLE 1: Simplify x* + 2xy + y* + 4x - 4y = 4 by a suitable rotation, 


Azil liand/1l-A 1 
= 0. Thus, r = 0,2 


1 #1 1 swe) 
Eigenvectors: x + y = 0 -1 “x*ty=0 1 1 -1 1 41 
P= pl . 
x*y=0 1 x-yrO 1 1 ij -l_ ji 


Thus, we have, [x' y']/ 1 1]/1 1 


a1 1 


xv <y! Vf x" fo -8] [x 
Exh eS}. . 0 , 


0 Ol; y' y' 


= Ls hence, 2x'2 ~4ay = 4, 


However, using the p-t matrix, we have x' =x * y; y' = -x + and since x* + 2xy + y* 


= (x + y)* = 2x'2 and 4x = by = -4(-x + y), ee hecetoks naval 2x'% - hjay' = hh, 

It is indeed fortuitious that 4x - 4y yielded the equation in terms of y', but 
even if it didn't, we could use partial differentiation or completion of the square 
once the substitution for x and y had been made to find the point of translation, 


In 3-space the matrix method would yield: 


[x y 2]fa B Dlx] + (Gc Hu rf x]= ax? + 2Bxy + Cy® + 2Dxz + 2Byz + Foe + Cx + 
B Cc Elly y Hy + Iz= J, 
D E Fitz Z 


Letting] x |= f we have [x y z2]=[x' y' z']P" and substituting we get: 
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(xt y' zt}e'fa 3B o)]p[x'] +{c # rypfx' 
B C EE yl y' 
D E F 1 z" 
EXAMPLE 23 Simplify (2x - 2y - 32)* + 19x - 34y - 442 + 50 = O by a suitable rotation 
and translation, 


As|4 + -6| andl¥-A 4 -6 


+ 4 6 + &-~d 6] = 0, This A2(17 - A) = 0 and A = 0,0,17, 
6 6 9 -6 6 9-i 
Eigenvalues: 4x - Hy - 62 = 0 1 -13x - 4y - 62 = 0 2 


“ix +4y +62=20);-2| (A=0) -Hx -l3y + 62 =0){-2| (when A = 17) 


~6x + 6y + 92 = 0 2 -6x + 6y - 82 = Of [-3 
Now we may get 3rd vector by taking the cross-product of the above vectors, Thus, 
4 1 2] f[10 Pa/3 2/17 10//153 173 -2/3 2/3 
g -2 -2{=| 7] Pel-2/3 -2/a7 7/53] P= lear -2//07 -3/V27 | 
k 2 =3 2| 2/3 -3/J17 — 2/J153 [10//153 7/V153 2/V153 


Now we have two sets of rotation equations: 


x = x'/3 + 2y"/J17 + 10z'//1533 y = -2x'/3 = 2y'"/J17 + 72" /1535 2 = 2x'/3 ar AE 


1 
x' =X = ay +22 3 y' = 2x - a - 32 3 z2' = 10x oe + 22 ce 


and appropriate substitution of these equations into the original equation yields: 
17y'"? + .19(x'"/3 + 2y'/J17 + 10z' a - 34(-2x' ifs - 2y'/J1? + 72'/J153) = 44(2x'/3 - 
- y'/J17 + 22'//153) + 50 = 0, which reduces to: 

1?y'® ~ x'/3 + 238y' /J17 - 1362' ies : 50 = O. We may get rid of the 'x' or 'z' term by 

using the equations of rotation x" = x''cos@ - z''sin® and z' = x''’sin® + z''cose. 

Substituting and rearranging termS, we get: 17y'* + eae /J1? ~ x''(cose/3 + 136sin0/,/153) 
2''(sin@/3 - 136cose//153) + 50 = 0. 

Now let either (cos@/3 + 136sin@//153) or (ageys es 136cos@ 153) = 0. We choose the lat- 

ter, thus z'' drops out and tan® = sin@/cos@ = 136-3//153 = 8/17. Thus sinO = 8/17/33 and 

cos®@ = 1/33.This yields the final form:17(y'+ 7/J17)* = 11(x''=1/11) .By the matrix methods 


[xt y' zt}fo 0 offx'] + [29 -34 -h})1/3) 2//17  10//153|)x'"| + 50 = 


017 offy -2/3 -2/J17 7/153 iy" 
0 o offz' 2/3 -3//17, 2/153 |] 2" 
Thus, l7y'2 + [1/3 238//17 -136//153] | x'| * 50 = l7y'? ~ x'/3 + 238y' - 1362' + 50 = 0 
; L : oi V153 


and we proceed as before. 


EXAMPLE 3: Simplify 5x2 + 7y® + 622 - Hyz - 4xz - 6x - l0y-42+7=0dbyasuit- | 
able rotation and translation, 


OF 256) aN ch = 5 0-2 3 5 Oe 4 5 0 2 3 
Ox R, +R 70, +Ka 
a 0 7 -2 5|ASlo 7 -2 5S|XSlo 0 81/5 81/5 
=—— = lby - 42 -10 = 0 
ay os a ae 0 -1 13/5 8/5 0 -1 13/5 8/5 
QE in why - by + 122-420 5 0 0 5 
dz k= % 
~~» 0 0 1 2 Thus, x=1, y=il1,221. 
Bhat & 
0 -1 0 -1 


Using the translation equations and dropping primes, we haves 


5(x + 1)% + 7(y #1)% + 6(2 #1)* = Wy + 1)(2 #1) - M(x # 1)(2 +1) - 6(x + 1) 
-10(y +1) -4(2 +1) 470. 


This reduces to: 5x* * ay? + 62% = byz = 4xz - 3 = 0. 
a={l5 0 -2lana[5-a Oo =2 
O - 2 0 Pah 0 = 0. Thus \? = 1812 + 99. - 162 = 0. 
-2 -2 6 -2 2 Ged Therefore, by synthetic division and 


the theory of equations, we have 1 - 18 + 99 - 162 (3 


~ 45 + 162 
1-15 * a Thus, A = 3,6,9 and the final 
6 = 5h 


i-9 form is 3x2 + 6y2 + 922 - 3 = 0. 
Eigenvectors: 
2x ~2zeolf2]-x -2=0) [2 
by - 22 = 0 1 y-2220 =) 


nox = 2y + 32-0 2 


6 0 
12 -12 -6])/1 -2 2 0 Another method would be: 
18 -18 9 
3 3 
[xt y' 2 P45 0 ~2/PLx'| + [-6,-10,-4] (2 2 Ijix'|) +7 =0. 
0 7 -2) ly" 1 -2 2i\Iy' 
“2 =2 6 2" “1 -2i/2' 


We have, 3x' + 6y'™ + 92" = 10x' + 4y' - 62' +7 = 0. 
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The new origin is found to be at (5/3,-1/3,1/3) which is different from (1,1,1) as 
expected since in this case, rotation takes place first - then translation, Hence, 
the coordinates with respect to the original axes must be different. 
EXERCISES(26)1 i 

1, Obtain the resufts in exercise(3) by using eigenvectors and eigenvalues, 

2. Do the same for the problems given in exercise(4) and (5). 

Simplify the following by a suitable rotation and translation: 

3. nx? + y* +2 + l6yz + 8xz = 8xy + 2x * 4y - 402 - =O, 


os y" - 102" + 20yz - 8xz - 28xy + 16x + 26y + 16z - 34 = 0, 


4, 2x 
Se Lx + Sy® + 22% + 20yz = l6xy + 4xz - 10x - lby - 282 * 26 = 0, 
6. Hx® + 3y* + 20% + bys - bxy = dx - by - 82 +6 = 0, 

7 xo = yy + Ays - 6x = 2y - 82 + 5 + UZ =O 

8B, 32x° + y* + 2? + byz = l6xz - léxy - 6x - ly - 122 + 18 = 0, 

9, 5x2 = 16y + 52% + Byz - lixz + Oxy + 4x + 20y + Hz - 24 = 0, 
10. 7x2 + 33y” + 72° + l2yz = 10xz - l2xy - 36 = 0. 

ll. x° = Bly + 2% - 20yz - 6xz + 20xy - 36 = 0, 

12, 2x* + 33y~ + 227 + leyz = 20xz - lexy - 72 = 0. 

13. 13x° + 20y* + 52% - layz * lixz - 4xy - 336 = 0. 

Wh, 5x2 - 12y2 ~ 32% + 20yz - 2xz + 28xy - 336 = 0, 

15, 2x2 + Sy% +102 + l2yz + 6xz + Mxy -1= 0, 


CH : -VECTOR DIFFERENTIATION 

64, DIFFERENTIATION OF A VECTOR WITH RESPECT TO A SCALAR 

This type of differentiation concerns itself with vector functions that are 
expressed in terms of some scalar parameter "t" which is allowed to take on different 
values, For example, we might have parametric equations of the circle x* + y< = 4 in 
2-space and we might wish to find the tangent vector to the curve, First, it might 
be instructive to express some conics in parametric form. The aforementioned circle 
x2 + y* = 4 4n parametric form would be expressed as x = Z2cost; y = 2sint. It can 
quickly be seen that by squaring both sides of the individual equations and then 
adding them, the result will be x + y® = 4, The conic béx? + aZy*% = ab* can be 


expressed in parametric form as x = acosts y = bsint, Here, squaring and subsequent 
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multiplication of the lst equation by b@ and the second by a’ and then adding will give 
the desired result, The hyperbola x2/a2 = y2/p2 = 1 may be expressed as x = asect; 

y = btant,. 

In 3-space, equations in parametric form are extremely useful since they can de- 
scribe a particular curve in space not necessarily a surface, In either 2-space or 3- 
space then, we might have some curve described by parametric equations x = f(t), y = g(t), 
2= h(t). The position vector r to any point in 2-space will be x = [x,y] = [f(t),a(t)] 
and in 3-space wil be % = [xyz] = [f(t),e(t),h(t)]. We are particularly interested 


in finding the tangent vector to the curve and we define this in the usual way, i.e. 


Ee x(t + Ot) - x(t) . oc if the limit exists, Geometrically, we can depict the sit- 
ove t dt 


uation as follows: 


4 a4? 
| r+aAr is given by r(t + At), of course, 
ar : 
¢ and r(t) = r, Thus, we find that dr/dt = 
car BF 
Ty Cf"'(t),e@'(t),h'(t)]. Sometimes the notation 
£, Xs Y, etc., is used to denote dr/at, 
my dx/dt, dy/dt(derivative with respect to t). 


Note that we may resolve f into its components in 2-space or 3~space, 


Tide 
dy alt 
at 

Ou ay 
at alt 
= OY 


X 


Since dr/dt = [f'(t),e'(t)] in 2-space, we have dr/dt = [dx/dt,dy/dt] and in 3~space 
we have dr/at = [dx/dt,dy/dt,dz/dt]. The short forms are f = [&,¥] for 2-space and 
£ = [x,y,z] for 3-space. . 
An interesting situation develops when the parameter is considered to be the arc 
length s, because then we have dr/ds = [dx/ds,dy/ds] in 2-space and dr/ds = [dx/ds,dy/ds,dz | 
s 


a 
in 3espace, Now if we find the magnitude of dr/ds, we see that lar/as|» 


\((ax/as)* + (ay/as)* =\Jds?/as® = 1 in 2-space and |ax/as|- (ax/as)* +(ay/as)* +(dz/as)* 
= ] in 3-space, In other words, dr/ds is a unit tangent vector to a particular curve 


at the point (x,y) or (x»¥»z) 


Ae 


Since dr /at is simply a tangent vector to a curve at any point, to obtain a unit 
tangent vector, we merely normalize it by dividing by the magnitude, Therefore, we have, 


dr/ds = z/at « We denote dr/ds, the unit tangent vector by‘T (tau). 


Recall that by the chain rule dr/dt = dr/ds*ds/dt, Substituting into the expression for 
dr/ds above, we have dr/ds = ae and thus, | ax/at| = ds/dt, a relationship 

that will prove useful. Be Se 

EXAMPLE 1: Find the unit tangent vector to the curve x = cost, y = sint at any point (xsy)e 


r = [x,y] = [cost,sint] and hence, # = [-sint,cost] and £//r|= [-sint,cost ] [-sint, cost]. 
\sin*t + cos-t 
EXAMPLE 2: Find che unit tangent vector to the circular helix x = acost, y = asint, z = at. 


Now r = [acost,asint,at | and therefore 
t = [-asint,acost,a], dr/ds = £/\t|= 
[-asint,acost,a | Simplifying, we get, 


a“sin*t + a“cos*t + a 


[-sint,cost,1 | 
2 


The following formulas may be readily established by application of the definitions 


given above for differentiation, The symbol "%" (phi) denotes a differentiable scalar 
function of t. 
1, a/at(A +B) = dA/at + aB/at. 
2, d/at(AeB) = KedB/at + BodA/at. 
3. a/at(A x B) = 2 x dB/at + Bx dA/at. 
4, a/at(ga) = pak/at + ag/at. 
5, a/at(ReB x @) = AB x dG/at + AvaB/at x C+ ak/ateB x C, 
6, a/at{a x (Bx )] = Ax (B x ac/at) +2 x (aB/at x C) + dA/at x (Bx 'C). 
EXAMPLE 3: Find the unit tangent vector to the twisted cubic x = at, y = bt?, z= et. 
r = [x,y,z] = [at,dt?,ct3], t = [a,2bt,3ct2] and dr/as = £/\#|= [a,2dt,3ct7] 
ane Wb~t—+ Seet 

Recall that AeA = \A\*, In particulars V=l¥" = 1, but d/at(TeT) = 

‘ e ot 
eS 2 ay a/at(1) = 0, Thus ‘) T 0. 


ay 


ak 


Now the geometric significance of this is that 7 must be perpendicular to = (since 


the product is zero )e Thus, we obtain a normal vector tol’. The same argument may be 


applied using the parameter s (arc length) instead of t. Thus, we may obtain a Aone 
vector“ ort to a particular space curve. 

Now if the parameter is s, it can be shown 
that $f measures the rate of change of the di- 
rection of TV and we call the magnitude of 
this vector the curvature of a curve, The sym- 


bol usually used for the curvature is k(kappa). 


The radius of curvature ? (rho) = 1/ky ieee, 
k ei ana ¢ ¢ = This, of course, agrees with the familiar definition of the radius 
of curvature ds/af given in elementary calculus by the formula [1 + (y' y2p/2 where 
eee 
B= tan~lay /ax. i 
BXAMPLE 4: Find the radius of curvature of the circle x =acost, y = a sint. 
| 
Method 1: r = [acost,asint] and f = anit and dr/ds = [-sint,cost] = ‘V. 
Now He . av af bb ut at = ae 2 hale 67 - et 7 \-lost “ut 
as GY Ss) \dr\ pe: ney” at 
=. Gat ' 5 \ QS Sa 
eset 4 [gle ea 
Method 2:3 = + y2 = a%, y' = -x/y and 1 + (y')© = 1 + x2/y2 = a2/y2, Therefore, 
[1 + (yt) P/? = 03/y3. Now y"* = ee a = -a’/y3, Thus, [1 + (y" ep . 


y"? 
=H = «a which checks with method l. 


a 
| 


ne 
The unit tangent vector ne and the normal vector T< change in general at each 


nr 

point of the curve. The unit normal vector Tf = Nis also of interest, since it 

conveys certain information about space dames. We may also have another unit vector 

mutually orthogonal to) and N. This unit vector 1s called the binormal vector B 

and is obtained by finding | x N. The three unit vectors T ,N,B form a special O0-N 

basis in 3-space called the moving trihedral at each point (x,y,z) on a particular 

curve, They form a right-handed system and change from point to point along the curve, 
It so happens that the plane determined by the vectors ‘| and N is called the 

osculating plane, This plane is important in the further study of space curves. Another 

scalar quantity which is also important and which tells us the rate at which the 

curve is twisting out of the osculating plane at some point P, is called the torsion 

at P ~ its symbol is T. It is analgous to the curvature at some point P, which as you 


will recall, was the rate at which the curve was turning away from the tangent line at 


Aid 


P, Knowing the curvature and torsion of curves at any point can tell us a considerable 
amount about the curves, For example, the following theorems can readily be proven, 
Theorem 1: A curve is a straight line iff the curvature is zero. 

Theorem 2: A curve which isn't a straight line is a plane curve iff its torsion is zero, 
We also have interesting relations between “7, N, B, k and T, They are: 

(1) adT/as = kN (2) dB/is=- TN (3) dN/ds = TB-kY. 


Example 53 Find the equation of the tangent and normal to the curve x = t, y = +2, 
Zs 2 Bt at t = 3, What is the curvature? The torsion? 


r= ([t,t?, 2/3t3], thus, # = [1,2t,2t?] and |t|=Vi + ut? # 4t¥ na + 242, 


pad 2 
= dr/ds = £/)t| = [1,2t,2t7] : ee eet = Se: ; 
| a = (ate Te ott Desi] ° NOW 


1 * 2t 
Kt 1 + 2t2)(2) = 2t(4t 1 + 20%) (Ht) = (2t2) (Mt 
(I+ ateye 1 + 2t 4 1 + 2t 
ao L~Ht,2—4t2 ut] ; 1+ 2t2)_ 2 . Therefore N “Aye [-2t,1-2t* 2+] 
TTT # 2tzje lyr | “ (1 + 2t (1 + 2t7) 1 + 2t 


at t = 3, a point on the curve is (3,9,18) and? = [1,6,18]/19. Thus, the equation of the 
tangent line is [3,9,18] + hee . At t = 3, N = [-6,-17,6]/19; thus, the equation 


of the normal line is [3,9,18] + t[-6,-17,6]. a! T/as =4 T/ateat/as = aV fat Oe 
Tat aT 


= [-ut,24t?,4t] | Since d7/ds = kN and N=aT/as — then k = aac 
Lael ae 7’ pee le Grae) 

= 2/361 at t = 3. Now 7 = [1,6,18]/19 and N = [-6,-17,6]/19, therefore B = 1x N 

= [18,-6,1]/19 at t = 3. 


[2t2 + ue, -(2t + 4t3),2 + 2t2] [282,282] 
T * 2t ~ "T+ 2te 


But dB/as =-TN = dB/atedt/as = B/t| = -TN, B = [4t,(-2 + 4t2), Ht] 


1 + 2t 
LJ e 2 2 
Therefore B/\r| = [4t,-2 + 4t“,-Ht | [-2t,1 - 2t°,2t] mus. pw 2 = 2/361 
1 + 2t ele ate : (1 + 2teye 


EXAMPLE 63 Find’ 1 » N, B for the circular helix x = acost, y = asint, z = atcoté 

r = [acost,asint,atcoté], # = [-asint,acost,acot@] and |F| =Va2sin2t + a®cos*t + a2cot%o 
= a csc, Therefore = t/|t|= [-sin@sint, sin@cost,cos@ }. vs = [~sin@cost,-sinQsint,0 ] 
bel - sin“@cos“t + sin“@sin“t = sind, Now N = = = [-cost,-sint,0]. 
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Be txNe#=|i -sinOsint -cost 
j  sin@cost -sint| = [cosdsint,-cos@cost,sin@ | 
k cos@ 0 
EXERCISES(27)1 
1. Prove the formulas given in article 64, 
2. Find the radius of curvature and the torsion of the helix x = 2cost, y = 2sint, z = 2ttandA 
3. If x= t®-1, y = 2t,2=+t2 #1, find a unit tangent vector at t = -1, 
4, Ifx=#t, y= +? in 2-space, find 1, Nat t=1, 


5. At what point or points is(are) the tangent(s) to the curve x = te, y= 5te, z= 10t 
perpendicular to the tangent at the point where t = 1. 


6, Find Y ,N,B for the curve r(t) =[t,t7,t-] at t = 1. 
7, Find “}’,N,B for x = 3cost, y = 3sint, 2 =4t at t=. 
8, Find the equation of the osculating plane to x = 3t - t?, y = 3t2, 2 = 3t +t? att =1, 


9, Find the equation of the osculating plane and normal line to x = 2sect, y = 2tant, z =1 
at t= 0, 


10. Let # = dr/dt and r' = dr/ds where dots are derivatives with respect to t and primes 
are derivatives with respect to s, Show that r' = #/s, r'' = %/a¢ ~ r(&)7/8. 


65. PARTIAL DIFFERENTIATION OF A VECTOR WITH RESPECT TO A SCALAR 


Just as a curve in space may be represented by a single parameter t, it can be 
shown that a surface can be represented by parametric equations involving two para- 
meters u and v. When this is the case, finding partial derivatives with respect to 
u and v prove useful, It can readily be seen that with the usual definitions of 
continuity, differentiability and the like, we may obtain partial derivatives of 
vectors by the usual means 1.e., let one of the parameters remain constant and find 
the derivative with respect to the other. Thus, 2 (A+B) = Ar QE + 2AeB, Byba x B) = 
ZAx BtAx ze etc, as in the single variable formulas above. In particular, when 
we are given the equation of a surface involving the parameters u and v, then So will 
represent a vector which is tangent to the curve where v is constant and $5 will 
represent a vector which is tangent to the curve where u is constant. If we find 
or x ao » we must therefore have a normal to the surface at any point P, 2a 
EXAMPLE 11 Find the normal to the surface z = x* + y* at the point (-1,2,2). 

First, we put the equation of the surface in parametric form. We can let x =u, y = Vv 


and z = ue + v-, Thus, r = [u,v,ue = v] and af [1,0,2u]; 2 = [0s1.2v]. 


Now u =x = -1; v = y = 2. Therefore, can = [1,0,-2] ac = [0,1,4]. : 418 
The normal vector = DE x, Of =/i 1 0 
a av 
3 0 2] =([2,-4,1] 
k -2 4 


Note that the total differential dr = 2 au + oc 


Zo av where r depends on the para- 
meters u and v. Recall also that dr = [ax,dy,dz } in 3-space and thus dredr would become: 
[ax,dy,dz] ° (dx,dy,dz ] = dx” + dy* + dz* = ds’. 

EXAMPLE 2: Find ds* in terns of partial derivatives in u,v. 


oar oe . cin 
We have dr = du + dv and thus, dredr = ($5 au + 20 av)s (8 = du + Sf av) 


“Gi + 2 254 3 torr a Qc \a2 = ds“. 
A: SO hg 


1. Find a normal vector to the surface z = XYe 


2, Find the equation of the tangent plane and the normal line to the surface z = xy at 
the point (2,5,10). 


3, Find the equation of the tangent plane to 2z = x2 = y~ at (1,253)0 
4, Find the angle of intersection of the spheres xe eye t+ cr eh & (x - 2)% # y2 #2229, 
5, Find the tangent plane to the ellipsoid x*/a” + y*/v* + 2*/c? = 1 at the point (x3s¥3121)+ 
66, DIFFERENTIATION OF A SCALAR WITH RESPECT TO_A VECTOR 

Recall from the elementary calculus that z = f(x,y) represented a surface and that 
= = represented the slope at any point of the tangent line determined ie a plane para- 
llel to the xz-plane cutting the surface(y being constant), Similarly, By represented 
the slope of the tangent line obtained by cutting the surface with a plane parallel 
to the yz-plane(x remaining constant). In the figure below, the two curves that one 
finds tangents to are designated by 
AB and CD respectively when taking 
partials. sz = slope of APB at P(any 
point (x,y,z) ).(keep y constant), a 
= slope of CPD at P, (keep x constant) 
We may also want the slope of PQ where 


PQ might be any cock-eyed curve obtained 


4 
by cutting the surface with a plane at an oblique angle, It can be shown that this 


slope is given by dz/ds where s is the parameter of arc length. The derivative dz/ds 


4s called the directional 4 derivative(in a given mrestion)» As a practical example, 
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one might consider himself in a balloon measuring temperatures at certain points - 

say at point A, the temperature would be 3° and at point B, the temperature would be 
6°, He would then estimate that the directional derivative of the temperature(in the 
direction AB) would be 3° per whatever distance he has travelled between points A and 
B, If he continues in the same direction, he would assume that the temperature would 
rise accordingly. If the balloon moves on a curved path at a constant speed, the bal- 
loonist can calculate the directional derivative along the path without looking out of 


the balloon, Formally, from the elementary calculus, we have: 


= az. AK >) a = = = 
dz/ds + En “3 but we recall that dx/ds = cosa and dy/ds = sing = cosp 


(8 = 90 - a). Thus, in 2-space dz/ds = aS dno 22 Cop (refer to the lst figure above), 
In 3-space, we extend this concept somewhat and referring to the second illustration 
above, we immediately realize that dx/ds = cosa, dy/ds = cos8, dz/ds = cosy. The above 
concepts may be extended by means of the total differential, Since when f(x,y,z) = f, 

then df = Shax + Bay + at az 3; this suggests that we might define df as the pro- 
duct of 2 vectors [3 b 3 By | Laxvaveae] and further we could nactach| 2 i . 2.| 
using it as an "operator vector" which would operate on a scalar f. We call this oper- 
ator vector “J ("del" or "nabla") and thus, we have [2 3 4+ vf where f is some scalar, 


This can be looked upon as differentiating a scalar with respect to a vector, From 


the above then, df =Vfedr(since dr = [dx,dy,dz]). Note that df is a scalar but V/f is 

a vector! In particular, if f(x,y,z) = C(a surface in 3-space), then df = 0, i.e., 
Vfedr = 0..Now dr is some vector lying in the tangent plane at the point (Xs¥—z) 

by definition and therefore \/f must be a vector perpendicular to a vector in the tan- 
gent plane, i.e. \/f is a vector normal to the surface f (x,y,z) = C, This particular 
normal vector V/f is called grad f(the gradient of f) 

EXAMPLE 11 Find the equation of the tangent plane to the surface z = x2 + y at (-1,2,2). 


First we write z = x% + y* in the form f(x,y,z) = C, ine. f = x2 ty - 2 = 0. 
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Now Vf = [a oh 5 4 = [2x,2y,-1] which is a normal vector at any point (ee) j 

on the surface, in particular point (-1,2,2), we have [-2,4,-1].(Compare with 

example 1, section 65.). We take our universal instance (x,y,z) in the plane and we 

have a eree [x *l,y-2,2°- 2] as some vector in the required plane, But we know 

that [x + l,y - 2, 2 ~ 2] * [-2,4,-1] = 0 since the vectors are perpendicular, Therefore 

the required equation ist -2x + 4y -2-8=0, 
The directional derivative in 3-space can be neatly expressed as Vfedr/ds = Ufo TY 

This is quickly derived from df/ds = =) ox ae 3b at ae ob oe 

EXAMPLE 2: Find the directional derivative of g = xyz + 2xz* at (-1,2,2) in the direction 

[251)-2]. 

Clearly, V¢ = [yz + 22%,xzsxy + 4xz] = [12,-2,-10] at (-1,2,2). Now dr/dt is already 

given as [2,1,-2] so 1 = [2,1,-2]/3. Therefore df/ds = [12,-2,-10] + [2,1,-2]/3 = 14. 

EXERCISES(29): 

1. Verify the results obtained in exercises(28) above by using the gradient, 

2. Evaluate the directional derivative of the following functions for the points and 
directions givens (a) 2x2 - y2 # 22 at (1,2,3) in the direction of the line from 
(1,253) to (3,5,0). (b) eXcosy at (0,0) in a direction making an angle of 60° with 
the x-axis. (c) 2x - 3y at (1,1) along the curve y = x* in the direction of increasing 
x. (4) 3x - Sy # 22 at (2,2,1) in the direction of the curve x2 + y2 - 22 = 0 and 
2x2 + 2y° - 2 = 25 in the direction of increasing x. 

3. Find the tangent plane and normal lines to the surfaces at the points indicated: 

(a) x2 + y> + 2 = 9 at (2,2,1)0(b) eX* Y* _ 22 = 0 at (0,051). (c) x? -xy* + y* - 23 = 0 

at (lplyl)e (d) z = x2 + y2 at (1,1;2) (e) 2 afl - x2 - ¥% at (2/3,2/3,1/3). 

4, Determine a plane normal to the curve x = t%, y = +t, z = 2t and passing through (1,0,0),. 

5. Show that the curve x“ - y* + 22 = 1, xy + xz = 2 is tangent to the surface: 
xyz = x© = 6y = -6 at (1,1,1) 


67, THE DIVERGENCE AND CURL OF A VECTOR 


From the above discussion it was seen that we could consider the operator V as 
2 2 .9 
a vector | 2% Sa and further that we could use this operator to change a scalar 
function f into a vector, It would be natural to inquire whether we can form the dot 
amd cross-products of vectors with V and further, to see if there would be any physical 
significance or meaning to such operations, Formally then NI eA should turn out to be a 


scalar quantity and would yield the following in 3-space, for example: 


fal! BLS \etiys aa &. Oo A OA, 
Vea 2.5% 3 [ArsAg, A3] st pet 7 


This entity is known as the divergence of a vector, It can be shown that the 
physical significance of Ved is that it gives the rate per unit volume for each point 
at which the physical entity is issuing from that point, For a particular example, 
suppose A is the velocity of air escaping from an automobile tire during a blow-out; 
then div A would be the volume of air/unit time/unit volume escaping from a hole sur- 
rounding the point, If after repairs, air is pumped back into the tire, the divergence 
of the velocity of air inside the tire would be negative, 

Perhaps at this point, it would be opportune to discuss the concept of a "field", 
If in any region of space a function f is defined for each point in that region then 
this region is called a field. For our discussions we must always consider that the 
functions that we deal with are continuous,single-valued and contain continuous first 
derivatives in the aforementioned regions. Now if f is defined in terms of quantities 
(x,y,z) for instance where f(x,y,z) 1s a scalar, then this field is called a scalar 


field, Similarly, if f(x,y,z) is a vector then the field is a vector field, Some phys- 


ical examples of the former field are temperature and electrostatic potential; of the 
latter field are fluid flow and force fields arising from electromagnetic sources 
and gravitation, It is seen that scalar fields give rise to vector fields(e.g. the 
field of the vector Vf) and vector fields give rise to scalar fields(e.g. the field 
of WA). 

Now if some physical entity is generated within a certain region of a field, that 
region is termed a source. On the other hand if the physical entity is absorbed, then 
the region is called a sink. If the strengths of the sources are greater than that 
of the sinks, the net outflow is said to be positive and conversely, It can be shown 
that if Y°A = 0 in a region then there are no sources or sinks and vv, Of course, 
if V*A is positive at some point P, then there must be a source located at P - for 
example, if A represents the flow of heat and \7*A is positive then there is either 
a source of heat at P or else heat must be leaving P so that the temperature is decreas- 
ing. 

The cross-product of with any vector A is called the curl of A and is defined 


in the usual manner, i.e. VX A 2/1 = Ay 


2 p,[ = |942 20, 2A, _ oA, 2 3A 
ee O4” Qn az Bea SS 
eS). 
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The physical significance of the curl of a vector for A gives a measure for the 129 

angular velocity at every point of the vector field. In the example where we discussed 

the blowout above, 7 x A can be described as two times the angular velocity of the 
air(when the hole is round), The direction of \/ x A is normal to the area which is 

along the axis of rotation(as might be expected being a cross-product), Another way . 

of viewing the curl would be to pretend that we have a small light paddlewheel with 

many spokes placed in a turbulent stream, Then it will rotate with an angular veloc- 

ity proportional to the magnitude of the curl of the stream velocity and the axis of 
rotation of this paddlewheel will be in the direction of the curl. This is illustrated 


pictorially belows 


ee ie 
eee ee 
NONUNIFORM FLOW — NON-UNIFORM FLOW BUT 


CURL = 0; 


THUS, CURL EXISTS. 
Needless to say, there are a variety of applications in the study of heat, fluid 


dynamics and electromagnetism, but we will confine our interests mostly to geometry. 
Triple products can also be found and there are two important theorems about the curl 
and divergence, The proofs will not be given. 

Theorem 11 The curl of a vector Ais zero iff A= Vf(ie. Vx AsO iff a=Vf). 


Theorem 21 The divergence of a vector Ais zero iff A= Vx Bii.e. ViA = O1ff A =VXB). 


EXAMPLE 1: Show that V*°(A +B) = Wea Vez 
lhesot 12 Dp 2 . [Art Bis Aot Bo, Az BR] = saat 428: MB 49A ad 
H 194) 32 x Se Tag a pet oe 
VaAeersR AED 


BXAMPLE 24 Show that SJ x (fA) = (Wg) x a+ Bl VW x A). 


l.heset = 4 2. PAx 


5 2 yl = pal aes), aida.) - (ds) BUA) _ - 


“ 
k 4 BA3 *9 o 
but aba,) ws 2b a, Re os f etc, Therefore we have, oe Soh + Dr b- oda, —ofs af 4 
3 ae 


2 erry 
at yd amy Data, vy 43 28 A+ ahah 3b 5 ~28iff= (VG) x A+ ACV x A) 
Working out oe er involving div and curl ad fairly SUSE rerortate but 


rather tedious, A list of the more useful formulas is shown below: 
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1 Y(f+e)=VE+ Ve 7. Vx (Ax B) = (BeY)A - BZA) -(AS 7 )BeA(YeB) 
2, Vr(aA+B)=Veat Ven 8, V (AtB) = (Be VA + (Ae )B + Bx (oxA)4 Axtox 8) 
3.x (A+B) a=Vx ate Y xB 2 V7 = 7% 

4 ‘7 (fa) = (Yp)ea + BC V7 *A) 10. 7 x (Vf) = 0 = VW *(9 x A)(thms 1 and 2), 


5. J x (Pa) = (TP) x at WV xa) i. 7 x(7xad= VV A- 97% 
6. Ye(Ax B) = BS x A) - ACY xB) Note: (A-T)& 1 A Veera | 
EXAMPLE 31 Prove that VJ i(#/r3) = 0. (Av )G= A-TB = [A-d8, 4-96, A+98,\ 
let ? = A and r~3 = g, Then we have \/*(¢A). By (3) above we have, 
Y (Ga) = (7 Ped BCT Ade Now x = (x2 # y2 22)? and x73 = (x2 + y2 + 22)°9/2, 
Thus, Y (r~3) = -3/2(x2 + y2 + 22)75/2, ox, 2y,22]5 ieee V (x73) = -3r AL xsyez] = V os 
but Y goa = -3r75 xsy5z]*[ xyz]. Therefore, V fra = -3r75(x* + y* + 2%) = -3r73, 
Now Vea = Vor = oe + 3 + z- 3 and f(‘V «r) = 3r73, Therefore we have, 
VY *(z7r3) = -3r-3 + 3273 = 0, 
EXAMPLE 4s Find (7 x A at (1,-1,0) if A = [2x,2xz,3yz]. 
VxAa]i # 2x 

3 2 2xz| = Bz? - ax,0,2z] and at (1,-1,0) = [-2,0,0]. 

k ca 3y2 
EXERCISES(30): 


1. Prove the formulas above given in article 67, 


~vreg2 BS On ae tee es 
2, Show that V* Vf = “f where V7 to eae toe 
3. (a) if f(x,y.z) = x°y - y@z + xy 2%, find curl(grad f), 
(bo) If f(x,y,z) = xy + y*z + x¢yz, find div(curl f), 
4, Find div Aif (a) A=([xy.z]3 (0) A= [z-y, x- 2 - x] 


5. Show that 7x (WxraA)l=- 7A + 7( 7 °A) where 7 2 is defined as in problem 2. 


CHAPTER 13 -— VECTOR INTEGRATION: 
This chapter will deal with vector integration in a rather cursory fashion but 


with the ultimate goal of establishing both the divergence and Stokes’ theorems, To 
do this, we must go through a few preliminaries and again the student must be remin- 
ded that an intuitive, non-rigorous but pragmatic approach will be taken, Rigorous 


discussions and proofs of any of the theorems below can be found in any good calculus 


text so that if there are any further mysteries regarding the problems presented, the 


student should peruse these texts. 422 
68, THE LINE INTEGRAL 
eae 48 (a,,) Consider a function P(x,y) defined and 

= continuous for a certain region of the 


Plane OXY and take a curve C in this re- 


gion extending from point A to point B, 


", ee Now divide this curve C into n segments 
(4,4 | 
AisZ a. ) ) :) | by the points My(x1¥1)s Mo(Xos¥o)eeees 
' 
NG iy) : | etc, Let (?,, %) be a point in the seg- 
i L 
ah X 
i) Ee ment (My_1,My) and form the sun, 


P(f,+N,)(x1 - Xo) - P(S.s N (xe — Xy) t vecesee * PCZ 6 4,)(%n - Xna1)+ In the short form, 
we would have, > tv 4.) (x4, - X421)- The limit of this sum as n approaches infin-~ 
ity and as \x Xy > Xyy ecg gero is the line integral of P(x,y) along curve C 
and is symbolized wy (” (acy idx: Note that the value of this integral depends not 

a, 


only on its limits but also on the particular curve over which the sum is found. 


EXAMPLE 1: Evaluate tae + y2)dx along: (a) a straight line y = 1 (b) a parabola y~ = 4x, 
(a) if y = 1 then y2 7 en we put the line integral into the usual form using the 
appropriate limits(in this case the x values) and we have, ss L)dx = x2/2 . ‘ = 3/2, 
(>) If y* = 4x then, the line integral becomes: ( (x + hy )ax = ( 5Sxdx = 52/2] = 5/2. 

Note that if P(x,y) happened to be y, we aaa nave (” eae vt = 
area of ADEB where C is the upper boundary and if P(x,y) = py then the es integral 

ist yer which is the volume of the solid formed by revolving ADEB around OX. Thus, 
the line eae becomes a rather mysterious entity - an integral which changes into 
different forms i.e., other types of integrals which depend on the way we define the 
particular curve C, 

Now if Q(x,y) 4s yet another function, we may form another sum Dacha Ny, - ¥4-1) 
and find the limit as n approaches infinity and ys - viel approaches. zeros This will 
yield another line integral which we designate by a Q(x,y)dy taken ae the curve C, 

Notice that it follows that if Q(x,y) = x, pee takes: then oe ; xdy = area 

' 


FABG(of which C is the boundary) and if Q(x,y) = 1x then a is the volume of the solid 


formed by revolving FABG about OY! &,5,) 


In practice it is more common to find written as [P(x,y)dx + Q(x,y)dy] and 
t ah) ; 
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for brevity, the form in 2-space suggests a vector form ( ara where P(x,y) = Az} 
Q(x,y) = Ap and [dx,dy] = dr, In 3-space, of course, we ae have Ay = P(xXs¥o%)$ 
Ap = Q(xs¥ez)3 A3 = R(x,y,2) and the line integral fAedr would take on the form: 
S ¢ Pix * Qly + Rdz and would be defined along the séme curve in space in a manner 
precisely similar to Aes definition of a line integral along a plane curve, 
EXAMPLE 2: prenuate | (x + y2)dx + 2xy“dy along: (a) y = 1; (b) ye = 4x, 
(a) If y = 1 then dy = O*dx = 0, Therefore i . + l)dx = x2/2 + x)= 3/2. 
(>) y® = 4x implies that 2ydy = 4ax, thus Jy = ic (y2/u + y2)ayay//s + 2(y2/4)y2ay 
= a (5y3/ ae yay = 3 [sy . y5/s) 7 3|5 + 32/5\= 5/2 + 32/10 = 57/10. 
pos a( y“dx + xydy + xzdz siete (a) a straight line from the upper limit to 
the lower limit; (b) x= +t, y = +2, g=t. 
(a) The equation of the straight line from (0,0,0) to (1,1,1) is x/1 = y/1 = z/l or 
[0,0,0] + t[1,1,1]. Therefore x= +t, y = t,z = t and dx = dt = dy = dz. When x = 0, 
t = 0; when x = 1, t = 1. Changing to parameter t, we haves 
lps t2at + t2at + t2at = ie 3t2at = | - a5 
(v) If x = t, dx = dt; if y= t%, dy = 2tdt; if z= +t, dz = 3t7at, Now when x = y = 2 = 0, 
then t = 03; when x =1, t=1; y=1, t=1;221, t = 1. Therefore J, becomes: 
e that + teatat + thezt2at = sla + 3to)at = 3 |25/s + wae = 36/35. 
XERCISES(31): (a) 


1. Find the ey aa + y*)dx + 2xy*ay along: (a) a straight line (b) y? = 4x. 
2, Evaluate c. ycosxdx + sinxdy along (a) y = x; (b) y? = 4x, 
3, Evaluate Cee (x2 + y2)dx - 2xydy along (a) y = x; (b) x = y*, 
4, Evaluate Cay, zax + xdy + ydz along x = cost, y = sint, z = t, 


(1,0,0) 
5. Evaluate (23,2) x2dx = xady * ydz along the straight line joining the 2 points, 


69. LINE INTEGRALS "ROUND CLOSED CURVES 
To use line integrals about closed curves where the curve is the boundary of 
some specified region, we need a convention to distinguish the direction, The convention 
adopted is that if a person can walk around a curve with the region in question on 
his left-hand side, then the line integral is considered positive and the region in 


question is also positive. The symbol for the line integral about a closed curve is $e 
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: j oe } 
speech . =: 1S positive | 
Yee 


(Ss Pesrrites 


Now consider the following region: 
b . M“ We wish to find area LNKM which would be §, ydx. 
\ Ke Area LNKM = area FLMKB - area FLNKB and since 
we wish no confusion with signs we will traverse 
in such a manner that we retain the usual limits 
of integration about the curve C, The arrows 


indicate the postive sense in the figure. 


een te = R area FLMKB = -f ydx (larger area) since we have 
\ BKMLF 


region on right when walking along C. Area FLNKB = jf ydx(smaller area) since we have 
FLNKB 
region on left when walking along C. Net result is that Area LNKM = area FLMKB - area FLNKB 
= -§ ydx = A, Also area DMLNE = -f xdy(smaller area) and area ENKMD = ff xdy(larger area), 
ENLMD ENKMD 
Net result is that area LNKM = area ENKMD - area DMLNE = $ xdy = A, Therefore, we have, 
2A = § xdy - § ydx and thus A = $ $(xdy - ydx),. 


EXAMPLE 2: Find the area of the triangké in the plane determined by (0,0),(2,0),(0,4) by 
use of line integrals, 


First, we draw a graph of the triangle and we haves 

Next we zip along the line in the direction determined 
by (0,0) and (2,0). This is indicated by line inte- 
gral 1. Subsequently, we zip along the line from 


(2,0) to (0,4) and finally along the y-axis from 


(0,4) to (0,0), The sums of line integrals 1 + 2 + 3 


we us the required Thus, the area cad the triangle is given by: 
)? 0,4 


(9,0 
3\  (xdy - ydx) + 3 (xdy - ydx) + :\ (xdy - ydx). 
e,9 (2, ¢) (@,*) oy 
Along path 1: y = 0; dy = 0 ana 3 bay - yax) = 0. 
0,9 °, q 
Along path 21 y = -2x + 4; dy = -2dx. tus 4) : (xdy - ydx) = aSo x(-2dx) - (2x + 4)dx = 4, 
2, © 


©,o 
Along path 3: x = 0; dx = 0 ana 3 (xdy - ydx) = 0. Thus the area is 4, 
u 
) 


EXAMPLE 3: Find the area between x* = hy and y® = 4x by use of line integrals. 125 
‘J 


Referring to the drawing at the left, we see that 
we can gzip along x* = 4y, then down along y2 = 4x. 


44 

Therefore, we have a xdy - ydx for the lst 
(0,0) (0, ») 

integral and 3( xdy - ydx for the 2nd integral. 


(4,4 


The first integral becomes: + Si (xex/2 - x*/l)ax, 
2 


a 


since x* = Hy, then dy = x/2dx and the 2nd integral 


—> x 
becomes: 3 In ly2/4 - yey/2)dy since y* = 4x and 


ax = y/2dy. Therefore we have, § = 3 : x*/4ax - $ Sh y“/Hay = seve] - sfy3/aH] = 16/3. 
o 4 
70,.GREEN'S THROREM IN THE PLANE 


on 
It can be shown that if F,Q, 3 ’ = » are single-valued,continuous in a simply 


connected region bounded by a simple closed curve, then we have the following relation: 


8. Pdx + Q@y = JS (2-% oay, Recall that a single-valued function means that we have 
R 

one value only of y for a particular value of x or in 3-space, we have 1 value only of z 

for f(xy). A simply connected curve means that any closed curve in a region can be 


continuously shrunk to a point without leaving the region, For instance, the closed 


curve / : 2 Pen is simply connected while Ce a => is not! 
per i aca. 


A simple closed curve is a closed curve which does not intersect itself anywhere, For 


instance, the curve as is simply closed while (XY) is not! 


EXAMPLE 1: Verify Green's theorem for the area between y? = 4x and x* = My, 


Now A = 4 §(xdy - ydx). Therefore P = -y/2; Q = x/2. Thus, 55 = -3, pol = >. We 


have df ren as sas If we integrate with Feerect. to x first, then we have: 
dx 4s i i (y2/4 = 2f¥)dy = y3/12 - by3/ 2/5) = 16/3 which checks with the 


0 Kee 
previous result given in example 3, section 69 above, 


EXAMPLE 2: Verify Gpeen' s i in the plane fors §(2xy - x@)ax + (x + y@)dy where C 
isy=x 


and y (,1) (0,0) 
Be ee ea a S 1) When y = x2, dy = 2xdx 
G1) 4 
( : - Sr(2x3 - x* Jax + (x + x Ce = 7/6. 
fo,» } d 
When x = y*s dx = 2ydy, Thus, Ny = 
{1 
Sy(2y3 = y" 2yay + 2y"ay = “17/15 
Final result is 7/6 - 17/15 = 1/30. 
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Now Jf (Q - Py )dxdy (using the subscript notation for partials) will ber 
R 
P= 2xy - x"; Q=xt y*. Thus, Py = 2x; Q, = 1. The above integral becomess 


6 prey 
| (1 - 2x)axdy = So(x - x2) ay = S5(-y2 + yt ey? - y)ay = 1/30, 

oh 
71. INDEPENDENCE OF PATH 

It can be shown that in 2-space if Q, = y? 2 line integral's value is completely 
independent of the path one uses to evaluate it, Thus, it isimmediately seen that the 
line integral about any simple closed curve always has to be zero under these conditions, 
since zipping from point A to point B will give a value k,say, and then zipping back from 
B to A will have to give a value -k(if the paths are independent ) so that the resulting 
value has to be zero, The theorem holds true in 3=space as well, but 3 conditions have 
to be met - namely: Qy = Py; Ry = Phi Ry = Qe 

Recall that the vector form of the line integral was [,Aedr where A = [P,Q | 
and dr = [dx,dy,dz} in 3-space. It will be shown later(as a consequence of Stokes' 
theorem) that the condition for independence of path is that (J x A= 0, This can be 


> 


verified, for in 2-space we haves | i P 


ox 
J 5 Qi = [0,0,Q, = | = 0, Therefore, we get, 
0 


k 0 Qx = Pye In 3-space the other conditions 
also are verified, 
(1,2) 
EXAMPLE 1: Show that ( : [3x(x + 2y)dx + (3x2 - y? ay ] is independent of the path 
0,0 


and find its value, 

P = 3x(x + 2y) and Py = 6x; Q = (3y* - y?) and Q, = 6x. Hence we may choose any path 
to evaluate this integral, For verification in this example, we will choose 2 paths 
and show that the value is the same, First, we will zip along a, then b to get to (1,2) 
Then we will zip along c. Along a and b, we haves 
Path a: y = 0, dy = 0; Path bi x = 1, dx = 0. 

fi 3x2ax S2(3 = y3)ay 
Path a + path b = . 3x2dx + £203 - y)dy = 3. Path c: y = 2x, dy = 2dx, This gives: 
ie 3x(x + 4x)dx + (3x2 - 8x3)2dx = S2(15x2 + 6x2 = 16x3)dx = 3, 


(3,2,-1) 
EXAMPLE 2: Show that ( , z-ax + 2ydy + 2xzdz is independent of the path of 


4ntegration and find its value. 


Now P= 2°; Q= 2y; R= 2xz and P, = 22, Py = 0 = Q, = Ry = Qys Ry = 22 Hence, a 
Ry, = P, and Ry = Q, and the path of integration 1s immaterial. Choose the straight 

line path from (0,1,0) to (3,2,-1), then x/3 = y - 1/1 = 2/-1 or [0,1,0] + t(3,1,-4 ], 

and substituting in the integral using the Ist equations for the line, we have: 

£3 x2/9 + aft ydy - eso z“dz = 6, This result 1s easily verified by using the para- 
metric form of the line and substituting for t; i.e., we have: x = 3t, y=t*+1, z= -t. 
dx = 3dt, dy = dt, dz = -dt. When x = 0, t = 03; when y = 1, t = 0; when z= 0, t = 0, 
Also, when x = 3, t= 13; when y = 2, t = 1; when z = -1, t = 1. Therefore, we have: 

dps (302 + 2(2t #1) © 6t7)at = t2 + 4% + 2 + 2+) | = 6, 

EXERCISES(32)1 

1. Find the area of the ellipse x = acos0, y = bsin@ by using line integrals, 

2. Find by line integrals the area between y- = 9x and y = 3x. 


3. Find $, x“yax + ydy where C is the closed curve formed by y~ = x and y = x between 
(0, ae and (1,1) - verify by using Green's theorem, 


4, Find § i + y)ax + (x = y2)dy where C is the curve formed by y3 = x* and y = x 
betweesi (0,0) and (1,1). 


(1,2) 
5. Show that ( a * y ax + 2xydy is independent of the path and find its value, 
) 
6, Evaluate §, (2x3 = y3)ax * (x3 + y3)dy around the circle x? + y2 = 1, 


Q,!) 
7. Evaluate 3 xds over the line y = x. 


(» %) -@G 50) 
8, Show that te yzdax + xzdy + xydz contains an exact differential and evaluate the 
line integral, “(b4» 


9. Find the area of the four-cusped hypocycloid x = acos-t, y= asin-t by line integrals, 


10, Evaluate fe (xy + z*)ds where C is the arc of the helix x = cost, y = sint, z= t 
which joins the points (1,0,0) and (-1,0,11). 


72. THE SURFACE INTEGRAL 

Before extending the above concepts vectorially any more to 3-space, we must dis- 
cuss the surface integral, since we will be dealing with this type of integral in both 
the divergence and Stokes’ theorems, Let us then consider a surface in 3-space which 
we can project onto any of the 3 planes = i.e., the xy-plane, the xz-plane or the yz~ 
plane, In the illustration below, we are projecting an infintesimal element of area AP 
onto the xy-plane, We call this infintesimal projected element of area AA and R indi- ~ 
cates the total area onto which some surface area of a curve might be projected, R, of © 
course, is a rectangular surface area since it is determined by one of the aforementioned 


* 


planes. 


Now aS s A\P, but ae Seay. 128 


direction angle 


From this we may obtain the expression: 

unit nocm a i AA = cosy MP and thus, dA = cosydS, But 

/ dA = dxdy in this case, so that dxdy = cosyd5S, 
Similarly, we can show by other projections that 


t 4 
dydz = cosadS and dxdz = cospdS, Now cosy = _nek 


= Riek from the dot product, formula, R can be 
“ found from the function f(x,y,z), 1.e., n =Vffvel. 
From the above, then, we have that S = i dA/cosy(presuming that we project on the xy-plane). 


EXAMPLE 1: Find the surface grea of the paraboloid z = x + y* below z = 1. (This pro- 
jects onto x* + y“ = 1 on the xy=plane as shown), 


t Now S = iv dA/cosy and f(x,y,z) = x? + y> = Ze 
ay HY ™ 


Therefore V f = [2x,2y,-1] and cosy = -1 


Lxe # bye + 1 
i Hence, S -(( dxdy = 
1 
R * yl + 1 


q ( ( J axe + by? + 1 dxdy. Change to polar coor- 
dasttes so that dA = rdrdO and r@ = x* + y2, 

Therefore S l Sfx? + 1 rdrd@ = Soph fie? +1 rdrd@ = 7/6(5/5 - 1). 

EXERCISES( 33 )s 

1, Evaluate iv f(x,y,z)dS where S is the surface of the paraboloid z = 2 = (x2 + y@) 

and f(x,y,z) = 1. 

2, Evaluate i (x2 + y2)as where S is the surface of the cone 2% = 3(x2 + y*) bounded by 

'g = 0 and z = 3. 


3, Find the area of the surface of the sphere x* + y2 + z@ = 4 cut off by the cylinder 
x2 - 2x * y* = 0, 


4, Find the area of the surface of the sphere x2 + y + 22 = 25 that lies in the lst 
octant,. 


73» JACOBLANS 
In the last example above, we switched from rectangular to polar coordinates 
to facilitate the integration. In so doing, we substituted the element dA = rdrd0 


in polar coordinates for dA = dxdy in rectangular coordinates. The question might 
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arise as to how one knows what the element of area is in polar coordinates and is 
there a general method for passing from one set of coordinates to another when one 
wants to deal with area or volume integrals? The answer to both these questions is in 
the affirmative and to arrive at the solution we must recall the concepts of the total 
differential, implicit functions and the theory of equations, 

One can also use jacobians to find partial derivatives of composite functions 
that would otherwise prove rather unwieldy as will be shown, Let us suppose that we 
have two implicit functions f(x,y,u,v) = 0 and g(x,y,u,v) = 0 given,and further that 
we are given that u = u(x,y) and v = v(x,y), i.e. u and v are defined in terms of x 
and y. Now from elementary calculus, we know that the total derivatives must be: 


a 2 3 
af = 2hax + td + ohau + ohav = f,dx * fydy + fydu + fydv and that 


= ) 2 3 - 

dg 4 dx + Sf ay + an du + =e av Bydx * Byty + Zy,du * gydv where we use the short 
notation f, = ae and g, = ot etc, Now since u and v are functions of x and y, 
in this case, we also haver du = uxdx + uydy; dv = Vxdx + vydy and we may substitute 


for du and dv in the first equations, We do this and we obtain: 

af = fax + fydy + fy, (ujdx + uydy ) + fy(v,dx + vydy )- 

dg = g,dx + gydy + By(uydx + uydy ) * By(vydx + vydy ). 

We then find that by rearranging terms, we will obtain the expression: 
af = (f, 0+ fu, + fyv, Jax * (fy + fyuy * fyvy dy. 

dg = (ex * Bullx * BvVx)dx * (gy * Buvy + BvVy dy. 

But, since f(x,y,u,v) = 0 and g(x,y,U,v) = 0, certainly df = 0 = dg, therefore we have, 


f, + fyu, + fyv, = 03 fy + fyvy * fyvy = 0 Thus, fyuy * fyvy = - fy: fuuy + fyvy = -fy 


x 
Bx * Buty + SyVy = 03 By * Bully * SyVy = 0 Bux * BvVx = ~ Bxi Guy * BvVy * By 
Solving for uy» say, by Cramer's rule, we have the determinant of the system which iss 


assuming that A # 0. 


The determinant A is called the jacobian of f and g with respect to u and v. There 


are two well-known symbols of abbreviation for this determinant, They are |, Led on st : 
} ) 
The jacobian uy, of course, is T( 24) or aM ¥ Extensions to other 
> d 


sets of implicit functions are possible and from the chapter on the theory of equations, 


we know that given m equations in n unknown where m is less than n, it is always possible 


to solve for m of the variables in terms of the remaining n-- m variables, i.@., 439 
the number of dependent variables equals the number of equations; We may make a 
summary of the more common types of problems using jacobians, 


Case 1: 1 equation in 2 unknowns; f(x,y) = 0. 


de penbenc vervles 


a —— 
cy = “fx/fy 


dx 
In Ceptndhet 
ee abte 
Case 2: 1 equation in 3 unknowns; f(x,y,z) = 0, 
depen dint in degen deer sep eecont in depen dant 
; a Me, Le “fy/t, where f, 4 0. 
depen oat dale te 


Case 3: 2 equations in 3 unknowns; f£(x,y,z) = 0; g(xsyoz) = 0. 


ax _ 154° ( ic ax ad : 
Indeed V \ a) aa tc at oe 


Case 4: 2 equations in 4 unknowns; f(xpy,Uyv) = 0; g(xsy,,V) = . 
dye” is, dete aces 
ae T( 4 1) Ar i ( 42 \ ) ve \ | b 
Bo Se Se Sh ek ere, 
t J ( ba.) Pde wet u a 644 ) 
Un hep ln det x > fn i anni x ee. 
t > é _- : t§ Ban lt , 3 j x, 


Case 5: 3 equations in 5 unknowns; f(xs¥eZsUeV) = Of E(Xs¥eZeUgv) = 0; H(Xp¥_ZyUyV) = Ov 


ge ain s k 


nN 


— : 
ees depen Snr Yacabies 


av = a oes tes te a 
, eVects. 
Ian a 4 tar dhe oF x ) ) Zz ~ deg Eon, lean Mie s fe 4 


Now when the number of dependent variables equals the number of independent var- 
fables, the simultaneous equations can be regarded as a transformation of coordinates 


and it can be shown that in the case of 2=space the integral for area becomes: 


(46g) da = Oy Geta, glo M1 |r (SH) [baby 
| Aaya , I [klane), y lay), ly) T (St ee 


U,V) 


These formulas look formidable but some examples will show just how useful jacob- 
fans are, Note that in the formulas that the dependent variables are always on top of 
the partial derivative and must occur in/\. 

EXAMPLE 11: Find the element of area dA = dxdy in polar coordinates, 


We recall that x = rcos®; y = rsin9@ in polar coordinates. According to the above, 


) 


so that we immediately obtain = r, Thus dA = rdard@, 
sin® reosé@ 


dA = 
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EXAMPLE 2: Find the element of volume dV = dxdydz in spherical coordinates, 


Recall that spherical coordinates are given by x = rsin@cosf; y = rsin@sing; 2 = rcos@, 


rls i) sin@cos$ rcos@cosf -rsin@sing 
L050 


sin@sing rcos@sing rsin@cosf | = -rsin@sinf(-rsin“dsing - rcos2¢sing) 

SaRG -rsing ) -rsin@cosf(-rsin@@cosf - rcos“ecosf) 
= r“singsin“ + r“sin@cos¢f = r2sin@, Therefore dV = r@sin@drdedg, (Note that the third 
column of the determinant was used for evaluation), 


EXAMPLE 31 Given (2 f=2x+y-3z2-2us0;g=x+t2y+*z+us= 0, Find (1) (2 
2 
(8) 3) ( =) OZ 
= ee 
2 <2 
= 4 since y and z are independent and hence, x,u must be 


a 
A ter) =| 
dependent, 


eS ee) - oe ey 


(2) Here u,x are independent, therefore, z,y are dependent. Accordingly, 


eee cree ote d 


(=). - 3s) | | 


(3) In this case x,u are independent, therefore -y,z are dependent and A= 7, Accordingly, 


(ga). - (44) nes *| e =e 


Aa 
BXAMPLE 4; If z = x2 + y? and x = sin(u -v), y = uv2 


3 find 2 and zy. 


Here it is clear that u,v are independent and x,y,z are dependent, Now f = x? + y2 -2Z= 0; 


g=x-sin(u-v)=0;h=y -uv%=0, 


2x By? a1 2x 3y* 0 


ie z| es 1 0 Oj] = -1s3 w= (ee =|1 0 -cos(u-v)} = 
0 v 


0 1 0 


1 


2xcos(u - v) + 3y“v2 = 2 pe ie + 3(uv2)@v2 = sin2(u - v) +# 3u2y6, 


%yy,VJ = -j]1 0 cos(u-v)} = ~2xcos(u = v) + 6y2uv = -sin2(u-v) + 6u3v, 
“ -2uv 


In the event that the jacobian of the transformation A is zero, we see sanioaiatne 
that we cannot proceed as in the above examples, What this means is, that there must 
exist some relationship between the functions involved, The proof of this is fairly 
straight-forward but will not be dealt with here, Instead, it might be instructive to 
look at an example to verify this functional relationship. 


EXAMPLE 5: If f(x,y) = x/1 - y+ yl - x? and g(x,y) = sin“/x + sin"ly, determine 
whether f and g are functionally related. . 


jl-y - Ji - x - 5 xy 


1-=+*x -y 


Now Ve i = = O. 
XY 1 1 
V1 - x2 wil - y- 


Thus, there is a functional relationship. Let A= sin~lx; B= sin7ly, Hence x = sind, 


B= siny. Sin(A * B) « sinAcosB + CosAsinB = x/i-- y- + yl - x2 = f, ieee, f = sing. 
It might be noted that if u = f(x,y); v = g(x,y) then the vector equivalent form 

which would show functional dependence would be that Vf x Vg = O(4.e6, Vu x Vv = 0), 

Also, if u = f(x,y,z)3 V = e(xe¥oz)3 w= h(xpy,z), thenVfs Vg x Vh = 0 iff u,vyw 

are functionally dependent, 

EXERCISES( 34): 

1. If xu2 + v = y3 and 2yu ~ xv3 = 4x, find (a) ux (b) vy. 

2. If x = rcos®, y = rsin@, find r, and 6,. 

3, If g = ue + v*, u = reosd®, v = rsind; find 2, and 29. 

4, Given u = In/x2 + y2, v = tan™ly/x, prove tnat (3), ($¢) ++). ($3) ig 

5. Given that u2 + v3 # x9 = 3y = 0; u2 + v2 # y? pe on. tind (du ) 


a 
6, Given that x2 = ycos(uv) + © = 0; x2 + y2 - sin(uv) # 222 = 2; xy - sinucosv + z = 0, 
find, (az z) + (Ox) at the pointx=1, y=1,u=7/2,v=0,2= 0. 


7, If x= ue - v*, y2 = 2uv, compute (a) the jacobian of the transformation ORE), 
8, Find the element of volume in cylindrical coordinates where x = rcos@, y = rsin®, x = Ze 


9, Determine whether f(x,y) = eXsiny and g(x,y) = x # Insiny are functionally dependent, 


If so, indicate the relationship. 
6). (3 
Fg uy eee 


CHAPTER 14 ~ DIVERGENCE AND STOKES’ THEOREM 


10, Prove that if x =,f(u,v), y = g(u,v), then 


74, DIVERGENCE THEOREM 


Essentially the divergence theorem is an extension of Green's theorem from 2-space 


to 3-space, It is also known as Gauss’ theorem or Green's theorem in space. The proof 
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adequate proof, Basically, the divergence theorem relates volume and surface integrals 


will not be given here since almost any text on vector calculus will contain an 


and if one thinks of a surface which encloses some sources and sinks, then the total 
normal flow(sometimes called flux) of the physical entity over the surface can be 
measured in two ways: (1) by summing the outward normal flux over the surface (2) by 
computing the algebraic sum of the sources and sinks throughout the volume. This can 
best be described by stating that in a vector field the surface integral of the normal 
component of the flux(the perpendicular component to the surface) is equal to the vol- 
ume integral of the divergence taken throughout the volume, Needless to say there are 
certain mathematical restrictions that have to be observed, These are that the first 
partial derivatives of the components P(x,y,z), Q@(x,y,z) and R(x,y,z) of the vector A 
have to be single-valued and continuous in the region T bounded by the particular 
closed surface S, Intuitively the surface must not be cut in more than two places by 
any straight line parallel to the coordinate axes, If this is not the case, we must 
“doctor” the surface until it meets the aforementioned conditions, Mathematically then, 
the relation between surface and volume integrals takes on the short vector forms 
Syl¥ sajav = Js Aedd (d& is the unit normal to the surface in question), 
The meaning might become clearer if we write the above in the cartesian forms: A = (P,QR]. 
rar( St + + 30.4 38) axayee = IS, Pdydz * Qixdz + Rdxdy = ffg(Peosa + Qcos8 + Reosy )dS, 
where we recall that dScosy = dxdy; dScosB = dxdz; dScosa = dydz or in vector form: 
dz = [cosads,cosgds,cosyds] = |d8|[cosa,cosp,cosy J. 
EXAMPLE 1: Evaluate JS Aeds where A = [x3 ,x2y x22 ] 4s the surface of the cylinder 

x° + y2 = 4 between z = 0 and z = 3. 
We immediately obtain by use of the divergence theorem that 1 
Sg ards = Sy (V “A)aV._Thus Ved = VY o[x3yx2y,x22] = 3x? + x2 + x? = 5x2, 


3 
Ly(V eA)AV = Ue5 \ | {pPavayax (taking the portion in the lst quadrant and multiplying 
by 4). 
o J, z 


2 Wx 
This gives us: 60 ( 1% 2ayax = 60f% xe = x"dx = 60(=x/t (4x2 )3/2 + 3(xvb - x2 + 4sinx/a)) 
= (4(um/2)) = 60r.* ° 
Using surface integrals, we see from the figure below that we have three surface integrals 


to calculate - indicated by the respective surfaces Sy» Sos Sye 


5 = JL Atkds = Jy [x3 ,x2y pax?) + [0,0,1]as vr 
= 2 = = $ e s 
If x©zdxdy (since cosy = 1; ¥ ALP, Now z = 3 
on S; so that we haves 5] = 3 f x2dxdy 
2 ~Vq=y* 
= 2f 2(lly = y2)3ay = 2 2(3416/8 + 1/2) = lem 
Sp = 0 since z = 0, 


83 = ass 5 A°d33 (where we must project both halves 
of the surface!). 


t a3; = fdS3 where n = V£/\V2|= (2x,2y,0] = [x,y,0] 
2x #y Vx? y* 


We may project surface area 33 either on the xz-plane or the yz-plane but it is not 
possible to project it on the xy-plane. We choose the yz plane, Recall that dScosa = dydz. 


Hence, 4S = dydz/cosa, Now cosa. = x//x2 * y2 from the above, Therefore we have: 


83 me 2s3 5 ((x3,x2y x22] ® Lxr20] x2 : y2 )aydz = af3p 5 (x3 + xy” )dydz 


= 22s 3 (Je = y2)Payan = 2f3/ 2 y2l = yayae = 2f22(302""/8 + n/2)az + 2f3(24/8 +/2)az 
= 36m + 121, Therefore Sy + Sp * S3 = 1217 * 0 + 367 + 127 = 60m and this verifies the 
first result; 


EXAMPLE 2: Verify the divergence theorem where we wish to evaluate the surface integral 


SS gxvdydz - x2dxdz + (x * z)dxdy over the surface S whichis that portion of 
the plane 2x * 2y + z = 6 included in the lst octant.Find the common value, 


Here A = [xy »-x* xz | and using the diver neers theorem, we have: 


(Lards= §(Qcra)dy = (UTC anda dedy =f ( (igen (rary) daly 


0o(Gapany ape odd : 
ig at 3% “ ey M4 eat xX +x 2) } (oy dy! sy “fear bb-y)- bay 
, ar “54 yay = [ay 43y, - SPs » &|- AE. 


We see from the figure that we have 4 surface 


integrals to calculate - Sj, So 9S32Sye 

Now Sj = i [xy ,-x*,x +z] * [-1,0,0]}dzdy(since 

YO a = 0). Thus, S; = i xydzdy = O(since x = 0), 
= Lily x? sxt2]+ [0,-1,0 jaxdz(since g = 0), 

Thus i g x7dxdz ai Se xaxdz = 27/2. 


sds 


$3 = i [xy »-x2,x + z]e[0,0,-1 }dxdy (since y = 0). 


Ta 


2G Gterdaady o -( (Vacdy = 294 135 


° U 
ve! ~ a ~> 
\ ( Lx4 So 4 K+Z]° nods and we will project the surface on the xy-plane. 
S 


» 


n=Vf -=([2,2,1]. Now dScosy = dxdy but cosy = 1/3 
real ak, a 


Therefore 3), = Lf [xy ,-x2,x #2] * [2,2,1]/3 axdy/1/3 = Jd (2xy - 2x2 +x +6 - 2x = 2y)dxdy 
since ce a 2x - 2y. Therefore we have: 
Sy - | ( (oxy - 2x% + x - 6 - 2x - 2y)dxdy = 27/4, 
Now Ss + Ss + Sp + yaOr 27/2 - 9/2 + 27/4 = 63/4 which verifies the lst result! 

As one can readily see the integration is arduous and quite tedious but the theorem 
proves useful in a variety of engineering applications where one wishes to flit from 
a surface to a volume integral or vice versa. 
75. STOKES' THEOREM 

Just as we related surface and volume integrals in the case of the divergence 
theorem, we will now relate surface and line integrals by means of Stokes' theorem, 
Essentially this theorem states that the line integral of the tangential component 
of any vector A around a closed path is equal to the surface integral of the normal 
component of the curl of A over the surface enclosed by the path. Symbolically, we write: 
Jo Rea? = Js (Vv x R)ead (a3 is the unit normal to the surface), 

Again, we will assume the theorem without proof and the interested student will find 
a plethora of texts to consult for said proof, Other forms of the theorem are: 
So Pdx + Qdy + Rdz = WSs (3 -Blavas +(e - 2 ana +28 ge dxdy 

e ome a cosa, +Ge - 28 \coss *\-3 cosy|as where cosydS = dxdy etc. 

Recall that in Chapter 13, section 71, we assumed that a line integral was inde- 
pendent of the path iff 7 x A = 0 and we deferred the proof until the discussion of 
Stokes' theorem, We can now quickly see from the short form of the theorem, viz, 
Sq Atdr = fg (Vx A)eds that if J, Aedr is independent of the path then 8, Aedr = 0 
(around any closed path) which immediately indicates that [ P (Vx A)eds = 0, but this 
means that VY x A must equal zero, 


EXAMPLE 1: Verify Stokes’ theorem for A = [2x - y,-yz*,-y*z] where S is the upper half 
of the sphere x* + y2 * z@ = 1 and C is its boundary. 


Now the boundary of C is a circle in the xy-plane of radius 1 and whose center is at 


the origin. Therefore the equation will be ‘. 
x2 + y* = 1, To evaluate the line integral 
Jo Aedr, we must change to a parameter t, Thus, 
we have x = cost, y = sint, z = 0 and the pos- 
{tion vector r = [cost,sint,0] which yields: 


dr = Esint,cost,0]at. Therefore, we haves 


Sq Aede = f°" [2eost - sint,0,0]+[-sint,cost,0]at 
= S27(-2sintcost + sin*t)dt. 

Now to facilitate integration, we must recall formulas of definite integration of 
trigonometric functions where the limits of integration are taken over an interval of 21. 
These formulas are listed below for convenience: 


(1) c Ws sin(nx)dx = i + 27 cos(nx)dx = 0, n # 0. 


(2) f + 21 sin(mx)cos(nx)dx = O« 
(3) Ss * 2m s4n(mx)sin(nx)dx = i + 27 Gos(mx)cos(nx)dx = 0, m #n. 


(4) Pf * 2m sin@(nx)dx = fG * 27 cos?(nx) = m1, n # 0, 
Using formulas (2) and (4) to complete the example, we see that J, Acdr = z 27 _2sintcostat 
+ ay sin@tdt = 1. 
Now Vx Aa {i = 2x-y 
5 Er -yz* | =(0,0,1]. If we project the surface onto the xy-plane, 


k = -y*z we will use cosy. 


n= Uf =| xpy,z _ L%9¥.z] ; Thus cosy = z/1 and dxdy/z = aS. 
q — 
a ees wF 
a 


\ 
Sg x 4)eas = Js [050.1] + Levee] ody ( f x dy af LA yay = 0, 
which verifies the lst result. “fey 


EXAMPLE 2: Evaluate Sg (W x A)eds where A = [x - zyx? + yz»-3xy~ | and S is the surface 
vx? * ye 


above the xy=plane of the cone z = 2 = 
We may evaluate directly or we may use Stokes’ theorem, In the latter case, we have 3 
JSg (V x A)*ds = Jo Aedr, We change to parameter t and we know that the boundary of C 
in the xy-plane is a circle x2 + y2 = 4(when z = 0), Thus, we let x = 2cost, y = 2sint, 
z= 0. Therefore r = [2cost,2sint,0] and dr = [-2sint,2cost,0 at. Substituting for x,ys2 


4n A, we have A= [2eost, 8cost,-3costsin@t ]. We now substitute in the left hand side of 


-& —— - = 
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2m at z on 4 
Sq Arde = So [2cost,8cos2t,-3costsin@t] + | -2sint,2cost,0 it = JG (4eostsint - l6cos*t at 


Stokes’ theorem, we have : 


ss a 4eostsintdt + 16f2" cos*tat = 0 + 16[3t/8 + sin2t/4 + sintt/32 = 16[3¢/8}" = leq 


A similar result may be obtained by use of the surface integral but with considerably 
more effort! 


EXERCISES(35)1 


1. Verify the divergence theorem for A = [2xy + ZY -(X + 3y)] taken over the region 
bounded by 2x + 2y +z2=6; x=0,y=0,20, 


2. Determine the value of Jf, xdydz + ydudx + zdxdy where S is the surface of the region 


bounded by the cylinder x2 + y2 = 9 and the planes z = 0 and z = 3 by use of the div- 
ergence theorem. 


3. Verify Stokes’ theorem for A = [2y,3x,-2] where S is the upper half of the sphere 
x2 + y* + 2@ = 9 and C is its boundary. 

4, Compute Js Aeds where S is the surface of the cylinder x2 + y2 = 4 bounded by the 
planes z = 0 and z = 1 where A = [x,-yyz ]o 

5. Evaluate Js reds where r is the position vector of the points on the surface of the 
ellipsoid x2/1 + y@/4 + 22/9 = 1, 

6. If A= [y,2ex] and S is the surface of the paraboloid z = 1 - x - y* where z is 
greater or equal to zero, evaluate fg(V x A)*ds, 

7. Evaluate J, (V x A)ed& if A = [y2,xy,-xz] and S is the hemisphere x* + y* + 22 = 1 
where z is greater than or equal to zero, 

8, Evaluate vo Aedr if A= [x2 + y*,x2 + 2 sy | and C is the circle x“ + y2 = 4 in the 
plane z= 0. 

9. By applying the divergence theorem to A where A is an arbitrary constant vector, 


show that J'g pds = Jy “Vgav (hints the dot product of a constant vector may be re- 
moved from the integral. 


10. By applying Stokes! theorem to the vector ga where Ais any arbitrary constant vec-~ 


tor, show that Jig fat = Sg VEx dS. 
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ANSWERS TO EXERCISES 


EXERCISE 1 (page 6) (1) hyperbola (2) ellipse (3) ellipse (4) hyperbola (5) parabola 
(6) hyperbola ellipse (8) 2 straight lines (9) parabola (10) 2 straight lines 

(11) 2 straight lines (12) 2 straight lines (13) ellipse (14) no points (15) hyperbola 
(16) 2 straight lines (17) 2 straight lines (18) 2 straight lines (19) parabola 

(20) hyperbola 


EXERCISE 2 (page 12) (1) circle-center origin, r = /3 (2) parabola opening up, l.r. = 4. 
(3) hyperbola opening right and left, c = J13 (4) ellipse a = 2, b = /8//3 (5) circle 
center (-1/4,1/2), r = J29/4 (6) point (0,0) (7) two straight lines x = = y (8) imaginary 
ellipse(no graph) (9) hyperbola a = 2, b = 3, center (2,-3) (10) parabola opening right, 
vertex at (0,2) (11) ellipse major axis 4, minor axis 2, center at (-1,2) (12) parabola 
opening up, vertex at (1,0), ler. = 1 (13) null set (14) 2 straight lines(x-1/2 =#y - 3/3 
(15) 1117/2 by /117/2/3 ellipse, center at (5/2,-1) (16) parabola opening dows, vertex 

at (1,2) (17) (2,-1) (18) J3 by 4 ellipse, center at (2,-1) (19) circle, center at 2,-2/3), 
radius = /58/3 (20) 2 by 3 hyperbola opening up and down, vertex at (-1,2). 


EXERCISE 3 (page 15) 1. 3x? - 2y* - 6 = 0. 2. x' = +1. 3. 3x’? - lly’? - 66 = 0. 
e ~ 9Y = 36, 5. 6x'? + y'? = 10, 


EXERCISE 4. (page 17) 1. 4x'* ~ y'? = 4. 2. x'? = By’. 3. x'? - 3x'y' +B'=0. 4 x"? 
= 3x"y" ages 5. y'? = &x'. 


EXERCISE 5 (page 19) 1. x'® - y'® = 8. 2. 3x''? = y'"? = 3. 3. 2x1? + y''? = 2, WL 5x? 
, = 0. 


aay 8 got ey hs, Ge Ba S By lO PG me On Ze. Pe ty ae 0 
8. 3x''2 — oy'?? = 27, 9, Ux! '? + 2y''? ~1 20. 10. Ix ty = 5, By - x= 2. 


EXERCISE 6 (page 28) 1. z-axis. 2. ellipsoid 3. hyperbolic paraboloid 4. elliptic para- 
beloid 5. hyperboloid of 2 sheets 6. cone 7. hyperboloid of 2 sheets 8. 2 intersecting 
planes 9. elliptic cylinder 10. parabolic cylinder. 


EXERCISE 7 (page 30) 1. hyperboloid of 2 sheets(~2,0,1). 2. ellipsoid(2,-2,2). 3. hyper- 
bolic cylinder, x = ~3, 2 = 0. 4. cone(1,0,-2). 5. elliptic paraboloid(2,-2,-1). 6. hy- 
perbdlic paraboloid-down-(2,2,-9). 7. Hyperbolic paraboloid (-3/2,3,-3). 8. 2 planes. 

2x = Ry +2-1=0= 2x ty + 2g - 2. 9. (1,2,0). 10. (367/231,45/77,173/231).11. x? + y? 
+27 — 2x + dy + 6% ~ 11 2 0. 12. 4x? - by? + 2° + Bx + 2hy - 36 = 0. 13. 4x? = Hy? - 2? 

+ 8x + 2hy —- 36 = 0. 14. x? + l6y? + 2? - 4x + 32y = 5. 15. elliptic paraboloid, (2,-2,-1), 
z-axis. 16. elliptic paraboloid(0,0,-2), y-axis. 19. cone(0,0,4), z-axis. 20. cone(-3,1,0), 
x-axis. 17. Hyperboloid of 1 sheet (-2,1,-1), z-axis. 18. Hyp,of 1 sheet (-1,2,3), y-axis. 


EXERCISE 8 (page 31) 1. scalar 2. scalar 3. scalar 4. scalar 5. vector 6. scalar 7. vector 


5. scalar 9. scalar 10. scalar 11. scalar 12. vector 13. vector 14. vector 15. vector 
16. sealar 17. scalar 18. vector 19. vector 20. scalar. 


EXERCISE 9 (page 34) 1. [1,8] 2. ie 3] 3. [0,0,8] 4. BC 5. CB 6. 13 7. J6 8 9 9. 23 
10. J69 Ii. «2 ee 13. [1,-7] 14. [4,-61 15. [-1,3] 16.[-3,1,-4] 17. (3,-1,4| 
18. (14663): 19023557) 20s [-1,6.3]- 


e 36) 1. [5,14] 2. L-3¥5, —4 - 1 -2,1] 4. [- FS J sith 
SRB a 28) IASC Sa (al 8 


EXERCISE 11 (page 37) 1. t[-7/25,24/25] 2. +[5/31,6/31,-30/31] 3. L2,-3,0] 4. [2,-3] 
5. 31 - 5) - ke 


EXERCISE 12 (page 38) 1. 132.287, 79.11° 2. L0,4,-1], 17 3. /3, 30° 4. 120 pounds, -32° 
5. 18052 hours, 18 miles. : 


EXERCISE 13 (page 42) 1. (-1lk,7k,5k) 2. (2,3,-1) 3. (-1,-1) 4 (-1,2,1) 5.coplanar(-3k,2k,k. 
EXERCISE 14 (page 43) 2. use L.D. 3. use Pythagorean thm. 4. use 1.1. 7. use area. 
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EXERCISE a (pages. 4748) 1. 27 2. -33 3. 107 4. 0 5. 16. 0 7 abc(a-b) (b-c) (c-a) 


EXERCISE 16 (page 50) 1. 2,2,2 2. not possible 3. |-4 10 0] 4, -5196 5. }10 28 
-13 4 =15 io al 
8 21 -24 
EXERCISE 17 (pages 57-58) 1. (a) 14 (b) -10 (c) -178 (a) [1 2 -3) le) {HM  -al -fs 
aw 1 a 4 TB 
-7 5 15 -la5 73 «(8S 
(f) [55 -52 43| (g) symmetric (h) {144 8 42] (i) [2 5 -10} (3) -1742 
-45 -6 -19 8 26 W 5 8 6 
| 14 -10 -2 ~42 14 299 -10 6 30 
2.) 2/34 4/34) 3. none 4. -2R, + Ro, 3Ri + Ra, Ra/S, -5C, + Ca, 20, + C3, -Ci + Cy, 
5Rz + Roe 
io wn 
5. [-2 3] 6. (a) [-1/3 2/3 ~'-1/3] () 0 (ce) 1 (a) doesn't exist (e) symmetric 
R ‘ 32/3 -4/3 - 
[3 2/3 -1/3 


9. (a)f-1 2) (o),(-3/7  -2/7\ (ec) F7 =—-3 2] (a) doesn't exist (e)|6 4 
2 sb | 
2 3] 2\ 2/7 1/7 -1 1 -2 4 10 


1 1 4 
8. (a) A (b) 1 (ce) A (a) IT (e)| 34-7) 37) De (a) =3BA’ (b) A/9 10. 
-? 2 7 
=37 7 Wy 


EXERCISE GRERCTSE 18 (pages 66-67) 1. consistent 2. inconsistent 3. consistent 4. consistent 

5. consistent 6. inconsistent 7. consistent 8. consistent 9. inconsistent 10. consistent 
1l. consistent 12. consistent 13. inconsistent 14. consistent 15. inconsistent 
16. consistent 17. @mconsistent 18, ,consistent 19. consistent 20. inconsistent. 


EXERCISE EXERCISE 12 (page $2) 1. (1,-2) 2. no solution 3. (1,-1,0) 4 (k-1,1-k,-k) 5. (-1,k+3,k) 

6. no solution 7. (2,-2,1) 8.(5k-7,5-3k,k) 9. no solution oh (9k+13/3,-k, 2kel, -4/3) 
ll. (k,-2k,2k) 12. On ke) 13. (oO, o} 14, (13k/7,-k/7,k) 15. (0,0,0) 16. (-k-5t/3, 5k+t/3,k, -t) 
19. (Uke 16, 11t-3k,k, t) 1B. (0,0,0,0) 19. (-26- B4k/71, 30+15k/71, 133k+53/71, k) 20.(0,0,0, 0). 


EXERCISE 20 (pages 75-76) 1. (a) 21 (b) -2/3 (c) 4/21 (a) [1/3203 72/3) (e) -26/63 
. 35/2 RS 9/ TAZ J35» 3/1 354,5/135 5} (c) [=351,-1] (a) th, 973s ie (e) J11 
38 “119/121, 102/121, 102/121] (b) 17/11 4. (a) 3 (b) Vi¥ (ec) [1,-1,1] (a) 70.89° 
| Ais3 6. (a) jxPM 35.28/39 (>) [-20/29,-21/29] (c) [1/3,2/3,42/3] (a) (2/12, 6/34 ft] 
S 35 2/3,2/ 31 5. (a) 5 (b) 17 Ce) 15 (4) 17 (e) 9% 5y3 12. 19 13. 3/21 
15.(a) 2[9,-13,10] (b) 36[-3,1,3] 


140 


EXERCISE 21 (page 80) 2. (-3,2,1) 3. (a) 344 (b) 48.76 (c) 49/9,49/81,-7,4, —4 ] 
a) [=253/J120206, 199/,120266, 131/.120266] (e) 2[168,-67, -361 }. 


EXERCISE 22 ( 84) 1. (a) aoe, = rs (2 3.1] : +[1,-4] (b)x-5/o = yt1/-1, [5,-1 
ee ee Ti 7 = fe’, | = ane ate: 154, ot aa ee ] (a) ¥/4 = y/-3 = 2/2,+ 4 2) 
(e) x-2/2 = +3/-1 = 2-1/-2 . (a) 1, ed 17, -4 Si? (b) O, -1£ 0, -1 (c) pane 1 
IM SLMS ALS (a) 4 ge. -3) 295 2/)29 (e) 2-19-23 2/3,-1/34-2/3 3. 14.03° 

(a3 285469 (b) 36.079 5. He 1-253] + 1 4,-951] 6. [=1,5,2] + tl-1,5,17] 7. (1,-3.2) 
. tL1,1,-1] 10. [-4,2,9] + t[-14, ~33,10]- 


EXERCISE 23 (pages 89-90) 1. (a) 8x + 13y - 22 -4 = 0 (b) 17x + 13h + 72 = 0 (c) x -4=0 
(a) 3x + y + 52 - 16 = O (e) 2x +z -102=0 2 (a) 3x - 2y + 52 - 19 = O (b) 3x = 22 = -14 
3. (a) 3x - 2y + 52 = 14 (b) 2 = 4 (ec) 3x + Sy +z + 23 = 0 (A) ae number of planes 
with | A,B 56 perpendicular to [2s 3,-1] Cogs X eye z-4e= 05 = - 9 ul ean, 
: (a yoy +e #5 = 0 Co) Oe iy Out Ls = Oe 5 (a) 90 Cb) (a) "660 (a) 46.5° ~=#1FO 

(a) (-19/41, Lely 124/41) (b) (21/8,17/16,7/4) (c) xt1/3 = yt+?/3/7/3 = z (a) no 
tee (e) (34/3, 32/3,-16/3) cs (a) lix - 3y + 42 - 17 = 0 (b) 23x + 30y + 44g - 53 = 0 
8. 5x = 13y +42 -6 = 0 = 23x - 322 - 78 9. (a) (-1,-6,3) (b) it doesn't as every- 
where(lies in plane) (da) (4,7 2)” 11. (a) 12 9-250] +t 5,40,22] (ob) [2,5,0] + t11,6,7] 

a) ine 2s +24 + ifgsn204-29) (b) [-1,0,2] + 


(e) tL1,1,-1] (a4) [0,1,1] +_tL1,-1,7] 11. 
#1154347] 123 (a) [2 162; ~-2) + ‘[2, -3,2 | 2 -1,0,0] + +[2,-1,8] 13. (a) foes 3,-1] + 
t|.2,-9, (ob) [1,2 2,3], + ots s-3y-L]y_( (1, 7233) ec) none such-lines don't meet (a) 


ses0 - 
+[0,1,-3] 14. (a) 40.7° (b) 23.899 15. (a) [5,-2,3] + i 1,1] (b) (3,-2,6), (33/7, 3394 48/7 


PRRCISE . (page : -96) a (a) 8.55 (ob) .6 o) xe (a) Me 62 (e) 368-2. (a) O (bd) 6.13 
3. (a) 1.92 (b) .566 (c) 3 (d) .763 (e) 3.683 4. (a) 
37/37, 1/27, ~31/27) (b) (106/78, 299/78. 297/78) (c) (2,0,0) (d) (4/11,-6/55, 7/55) 
(e) (378/62, 661/62, 17/62) 3. (a) e 4)? + (y +1)? + (2 + 2)2 = 36 (b) (x - 2)% + 
(y - 5)? + GC + 8)* = 122 6. (a) (x - - 453 + (y - 2)? + (g = 3)® = 121 (b) 2x - by - 92 = 8 
7. 23.48 8. (a) 1/3 (b) 398 (a) 3x - 3y +102 +5 = 0 (b) Sx ty + 62 - 19 = 010. no, 
skew (b) yes, non-skew. 


EXERCISE 25 ( es 101- 102) 1. 834/70 + 284 - 53C/70 2. ais +3512 1/13, a 2539-5005 366 |4p06685 
oe oases ue So Sain she [3,0,2)/20 4.°(3,- 


186 as Ve nest -14,-30 1105 5. same as 2. 6. A’ = (14,30, 35 70, BY = [3,0,1f15 

a = (42,60,-1|/+210 7. 1,22 aa 3,[10,-2,-7 ]//153- (2,3, 2 A? 8. L2,-1, 21/3, 
1,-2 1/3, fi 2,21/3 9. [1.-2,21/3, [2241,-10]/3/65; [2,6,5]/y65 10. A = -2)2,-2,11/9 - 
2°1,-21/9 + 261,2,2] 

EXERCISE 26 ( e 110) 1. See answers to exercise 3,2. See answers : exercises 4 and 5 

3 y= 9, x? apy? = 2 2s 1 (1, 22s 0) 4.) = -9,418, 2x - y* - 2° = » (13/9, s/s 7/9) 

5. = 49, 18, 2x" + oe = (1,1,1) 6.4 = 0 13965 ‘x? + by? = i "(0, -1,3) 

7. d= 0, #3, x® - y* = 1, “a, 1, 7 8. d = 0,-2,36, lax? = y? = 925 (1/3, 2/3,2/3) 


92 A= 0 ° 12.248, 2x? - 3 +22 = 0, (1,1, 1) 10.2 2,9, 36, 2x" + oy" + 362° = 36 
ll. dX = a3. 9,-36, 52x" + oy" - 362° = 36 12.4 = -8 19436, ox" + 36y? - 827 = 72 
13. dn = 0,14, 2h, 7x? + 12y® = 168 14. dX = 0,14,-24, Mx? = 12y* = 168 15. X = 1,1,15, 
+ y* + 15p? = 41. 


EXERCISE 2h (page 115) 2. r*= 2sec2a,!/T = 42secacsca 3. [1,-1,1|//3 4. EL, aa 
=2,51 ras s5-1 1, 109{ ~207 ER ,5/81,-1/9]_ 6. (1,2, 314, [ -11,-8,9 |//266 
B32 TAS 7. |.0,-3/5,4 5], [1,0,0], .0,4/5,3/5] 8. 3x - y - 22 =49. -2+1=0, 
2,0,1] + +[1,0,0]. 


EXERCISE 28 (page 116) 1. [-y,-x,1] 2. 5x + 2y - 2 = 10, [2,5 ao + +1 5,2,-1] 
3.x - 2y-2+6204, cos 13 /l 5. x,x/a* + yiy/b? + wale = jl. 


EXERCISE 29 (page 118) 2. (a) -/22 (b) 1/2 (c) -4//5 (a) YVa - (a) 2x + 2y+2=9, 
X-2/2 = y-2/2 = z-l/l (b) 2 = 13 x = 0, y = O (c) 2x -3Z +f = 03 me) = y-l/@ = 2-1/3 
(a) 2x + 2y - 2-2 = 0, x-1/2 = y-1/2 = 2-2/-1 (e) 2x + 2y tz - 3 = 0, 3x-2/6 = 

B3y-2/6 = 3z-1/3 4. y + 22 = 0. 


EXERCISE 30 (page 121) 3. 0,0 4. 3,0 

EXERCISE 31 (page 123) 1. (a) 35/6 (b) 57/10 2. (a) n/2 (b) n/2 3. (a) 0 (b) 1/3 4. 3n 5.-5/3. 
EXERCISE 32 (page 127) 1. nab 2. 1/2 3. -1/28 4. 0 5. 13/3 6. 3n/2 7. 1//2 8. -2 9. 3na?/8 

10 aT 3. 


EXERCISE 33 (page 128) 1. ae 2. On 3. 16(n/2 - 1) 4. 25n/2. 
EXERCISE 34 (page 132) 1. (a) v ee +4 (b) 2xu® + 3y* 2. cosd, -sinO@/r 3. 2r,0 


3x Zuv? + 
5. v-x? 6. 0, n/12 7. (a) mee i ye) tb) u 8. rdrd@dz 9. yes, g = Inf. 
Boda er aes 


u~ = uv 2(u*r +v 


BXERCISE 35 (page 137) 1- common value 27 2. 81m 3. 9m 4. Yar 5. 24a 6. -17 7. 0 8 O 
9. and 10. use identities on page 118. 
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APPENDIX ONE 


1 


Example: Condider the matrix A = 1 2 
1 
0 


2 1 Z 6 -1 
1 6 (A'A)7" =(&1 
11 
Then (A'A)“*A' = {6 -ip fi -1 of  |4 -7 1 
ae 2 1 <2 -2 
To verify we see that 7 1 1 0 
1 = 10 1 
0 


To determine a right inverse, we consider: 


ae 

[or 

> 

> 

u 
fs ary | 

' 

porary 
teate 
i es a) 
Sey 

io 


AN(AA') 7 =A" (AT) 7 TAT Am 


4 
AA'= a 
put A=o here and 
& _ zi thus no right inverse 


exists in this case! 


te dy 


